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A B S T R A C T
The aim o f  th e  work d e s c r i b e d  i n  t h i s  t h e s i s  i s  to  
p r e s e n t  a f u r t h e r  o p t io n  to  th o s e  g iv en  i n  CP 110 : 1972 f o r  th e  
a n a l y s i s  o f  c o n t in u o u s  r e i n f o r c e d  c o n c re te  beams a t  th e  u l t i m a t e  
l i m i t  s t a t e .  I t  i s  s u g g e s te d  t h a t  t h i s  a l t e r n a t i v e  can ta k e  th e  
form  of  a p l a s t i c  a n a l y s i s  to  d e te rm in e  th e  d i s t r i b u t i o n  o f  moments 
i n  a c o n t in u o u s  beam sy s te m  and t h a t  s e c t i o n  a n a l y s i s  f o r  f l e x u r e  
may be c a r r i e d  o u t  u s in g  a n e u t r a l  a x is  d e p th  of up to  h a l f  o f  
th e  e f f e c t i v e . d e p t h  o f  th e  s e c t i o n .
The f i r s t  two c h a p te r s  c o n s id e r  th e  d e s ig n  p h i lo s o p h y  
f o r  r e i n f o r c e d  c o n c r e te  s t r u c t u r e s  and th e  developm ent o f  
p l a s t i c  th e o ry  f o r  r e i n f o r c e d  c o n c r e t e .  C hap te r  t h r e e  d e s c r i b e s  
th e  lo ad  t e s t s  c a r r i e d  o u t  by th e  A u thor  a t  th e  U n i v e r s i t y  o f  
S u rre y  and t h i s  i s  fo l lo w e d  by a su rv e y  of  p ro c e d u re s  f o r  e s t i m a t i n g  
p e r m i s s i b l e  and a c t u a l  h in g e  r o t a t i o n .  I n  C hap te r  f i v e ,  d e t a i l e d  
c a l c u l a t i o n s  a re  p r e s e n t e d  f o r  two d e s ig n  s i t u a t i o n s ,  one o f  w hich 
was used  by th e  A uthor as an a l t e r n a t i v e  to  e x i s t i n g  p ro c e d u re s  in  
the  p r e p a r a t i o n  o f  a  d e s ig n  o f f i c e  m anua l ,and  as .a t e s t  case,'
• %
p l a s t i c  a n a l y s i s  was a p p l i e d  to  th e  d e s ig n  o f  a f l o o r  s t r u c t u r e  
i n  a g e n e r a l  h o s p i t a l .
I n  C h ap te r  6, t e n t a t i v e  p r o p o s a l s  a re  g iv e n  f o r  th e  
p l a s t i c ,  d e s ig n  of r e i n f o r c e d  c o n c r e te  c o n tin u o u s  beams u t i l i s i n g  
a  programmable p o c k e t  c a l c u l a t o r  to  m in im ise  th e  a r i t h m e t i c  work 
in v o lv e d  i n  s e r v i c e a b i l i t y  ch eck s .
I t  i s  conc luded  t h a t  f u r t h e r  e x p e r im e n ta l  work i s  
r e q u i r e d  b e f o r e  s im p le  d e s ig n  r u l e s  can be p r e p a r e d  f o r  i n c l u s i o n  
i n  a code o f  p r a c t i c e .
( i i i )  '%
A C K N O W L E D G E M E N T S
I  would l i k e  to  e x p re s s  my a p p r e c i a t i o n  o f  th e
gu id an ce  and p a t i e n c e  o f  my S u p e r v i s o r ,  Dr. D .J .  H annan t,
d u r in g  th e  somewhat p r o t r a c t e d  p r e p a r a t i o n  o f  t h i s  t h e s i s  
and a l s o  to  Mrs. D e i rd r e  G e t t i n g  f o r  th e  e f f i c i e n t  manner
i n  w hich she has  ty p ed  th e  t e x t .
( iv )
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0  T A T I 0  N
In  g e n e r a l ,  t h e  n o t a t i o n  i s  i n  l i n e  w i th  t h a t  ad o p te d  i n  
CP 110 : 1972 and th e  symbols u sed  a r e  l i s t e d  below
Ag a r e a  o f  com press ion  r e in f o rc e m e n t
Ag a re a  o f  t e n s i o n  r e in f o rc e m e n t
Ag\) c ro s s  s e c t i o n a l  a r e a  o f  two le g s  of a l i n k
a  d e f l e c t i o n
b w id th  o f  s e c t i o n
d e f f e c t i v e  d ep th  o f  t e n s io n  r e in f o rc e m e n t
d ’ d e p th  o f  c o m p ress io n  r e in f o rc e m e n t
Ec s t a t i c  s e c a n t  modulus o f  e l a s t i c i t y  o f  c o n c re te
Eg modulus o f  e l a s t i c i t y  o f  s t e e l
fj,y c h a r a c t e r i s t i c  c o n c r e te  cube s t r e n g t h
fy c h a r a c t e r i s t i c  s t r e n g t h  of r e in f o rc e m e n t
c h a r a c t e r i s t i c  dead lo ad
h o v e r a l l  d e p th  o f  s e c t i o n  in  p la n e  o f  b end ing
%  c h a r a c t e r i s t i c  imposed lo ad
( v i i i ) .
V s h e a r  f o r c e  due to  u l t i m a t e  load
Vj. u l t i m a t e  s h e a r  r e s i s t a n c e  o f  c o n c re te
V shear s t r e s s
Vc u l t i m a t e  s h e a r  s t r e s s  i n  c o n c re te
X n e u tr a l a x is  depth
z le v e r  arm
ae modular r a t io
In  C hap te r  2 e x t e n s i v e  r e f e r e n c e  i s  made to  th e  American 
C o n c re te  I n s t i t u t e  S ta n d a rd  " B u i ld in g "  Code Requirem ents  f o r  R e in fo rc e d  
C o n c re te  (ACI 318-71) and th e  fo l lo w in g  symbols a re  used
a d e p th  of  e q u i v a l e n t  r e c t a n g u l a r  s t r e s s  b lo c k
Ag a r e a  o f  n o n - p r e s t r e s s e d  t e n s io n  r e in f o rc e m e n t
A' a r e a  o f  n o n - p r e s t r e s s e d  com pression  r e in f o rc e m e n t
b w id th  of  c o m press ion  f a c e  of member
c d i s t a n c e  from  ex trem e com pression  f i b r e  to  n e u t r a l
a x i s
d d i s t a n c e  from  ex trem e com pression  f i b r e  to
c e n t r o i d  o f  t e n s i o n  r e in f o rc e m e n t  
f c  s p e c i f i e d  com press ive  s t r e n g t h  o f  c o n c re te
fÿ  s p e c i f i e d  y i e l d  s t r e s s  o f  n o n - p r e s t r e s s e d  r e in f o rc e m e n t
a f a c t o r  r e l a t i n g  "a"  and "c"
p r a t i o  o f  non p r e s t r e s s e d  r e in f o rc e m e n t  ^ ^ /b d
p^ r e in f o r c e m e n t  r a t i o  p ro d u c in g  b a la n c e d  c o n d i t io n s
p \  r e in f o r c e m e n t  r a t i o  Ag/bd
CHAPTER 1
DESIGN PHILOSOPHY FOR REINFORCED 
CONCRETE BEAM STRUCTURES
1 .0 0  DESIGN PHILOSOPHY FOR REINFORCED CONCRETE BEAM STRUCTURES
1 .01  INTRODUCTION
I n  th e  p a s t  decade  th e  c o n c ep t  o f  m u l t i p l e  l i m i t  s t a t e s  
i n c o r p o r a t i n g  p a r t i a l  s a f e t y  f a c t o r s  f o r  m a t e r i a l s  and lo a d in g  
has  formed an im p o r ta n t  p a r t  of d e s ig n  recom mendations f o r  
r e i n f o r c e d  c o n c r e te  s t r u c t u r e s .  The B r i t i s h  code o f  p r a c t i c e  
f o r  th e  s t r u c t u r a l  u s e  o f  c o n c r e t e ,  CP 110: P a r t  1: 1972 
s t a t e s  t h a t  . . .  " t h e  p u rp o se  o f  d e s ig n  i s  th e  ach ievem en t o f  
a c c e p t a b l e  p r o b a b i l i t i e s  t h a t  th e  s t r u c t u r e  b e in g  d e s ig n e d  w i l l  
n o t  become u n f i t  f o r  th e  u se  f o r  which i t  i s  r e q u i r e d  i . e .  t h a t  
i t  w i l l  n o t  r e a c h  a l i m i t  s t a t e " .  The l i m i t  s t a t e s  a r e  d iv id e d  
i n t o  two groups
(1) u l t i m a t e  l i m i t  s t a t e
(2) s e r v i c e a b i l i t y  l i m i t  s t a t e s
The norm al p ro c e d u re  i s  to  s t a r t  w i th  p r o p o r t i o n i n g  th e  
s t r u c t u r e  to  s a t i s f y  th e  r e q u i r e m e n ts  f o r  th e  u l t i m a t e  l i m i t  
s t a t e  and th e n  c o n s id e r  th e  s e r v i c e a b i l i t y  l i m i t  s t a t e s .  I t  i s  
c o n v e n ie n t  to  s p l i t  th e  a n a l y s i s  i n t o  t h r e e  s e p a r a t e  s e c t i o n s  f o r  
e a ch  l i m i t  s t a t e  -  l o a d i n g ,  member a n a l y s i s  and s e c t i o n  a n a l y s i s .
A b ro a d  o u t l i n e  o f  t h e  p ro c e d u re  f o r  th e  u l t i m a t e  l i m i t  
s t a t e  i s  g iv e n  b e lo w :-
LOADING
As a s t a r t i n g  p o i n t  i t  i s  n e c e s s a r y  to  e s t i m a t e  th e  s e l f  
w e ig h t  o f  th e  s t r u c t u r a l  sy s tem  and th e  d e s ig n e r  w i l l  n o rm a l ly  
r e l y  on app rox im ate  span  to  d e p th  r a t i o s  o r  p r e v io u s  e x p e r ie n c e .
ï'-.
The c h a r a c t e r i s t i c  dead and imposed lo a d s  a r e  m u l t i p l i e d  by th e  
a p p r o p r i a t e  p a r t i a l  s a f e t y  f a c t o r s  and th e  a rrangem en t o f  lo a d s  
on th e  sys tem  shou ld  be such as to  cau se  th e  most s e v e r e  f o rc e  
a c t i o n .
MEMBER ANALYSIS
T h is  i s  c a r r i e d  o u t  i n  o r d e r  to  d e te rm in e  th e  maximum 
v a lu e s  o f  th e  f o r c e  a c t i o n s  due to  th e  l o a d in g .  For th e  a n a l y s i s  
o f  beams CP 110; 1972 g iv e s  th e  fo l lo w in g  o p t io n s
( i )  an e l a s t i c  a n a l y s i s  u s in g  moment 
d i s t r i b u t i o n  o r  o t h e r  t e c h n iq u e s  
w i th  th e  p o s s i b i l i t y  of up to  t h i r t y  
p e r c e n t  r e d i s t r i b u t i o n  o f  th e s e  
moments depend ing  on th e  n e u t r a l  
a x i s  d e p th .
( i i )  th e  u se  o f  app rox im ate  b e n d in g  moment 
c o e f f i c i e n t s .
I t  i s  a l s o  s t a t e d  t h a t  m ethods o f  a n a l y s i s  used  i n  
a s s e s s i n g  com pliance  w i t h  th e  v a r i o u s  l i m i t  s t a t e s  sh o u ld  be 
b a s e d  on as  a c c u r a te  a  r e p r e s e n t a t i o n  o f  th e  b e h a v io u r  o f  th e  
s t r u c t u r e  as  i s  p r a c t i c a b l e ,  and t h a t  i n  c e r t a i n  c a s e s  a d v a n ta g e s  
may r e s u l t  from th e  u se  o f  more fundam en ta l  approaches  i n  
a s s e s s i n g  th e  b e h a v io u r  o f  t h e  s t r u c t u r e  under  lo a d .
SECTION ANALYSIS
The s t r e n g t h  of  s e c t i o n s '  i s  a s s e s s e d  by means o f  an 
i n e l a s t i c  a n a l y s i s  b a s e d  on s h o r t  te rm  s t r e s s - s t r a i n  cu rv es  
d e r iv e d  from th e  d e s ig n  s t r e n g t h s  of th e  m a t e r i a l s .  For
4c o n c r e te  an a l t e r n a t i v e  ap p ro ach  i s  to  assume a u n ifo rm  s t r e s s  over  t h e  
whole o f  th e  com pression  zone.
Thus from  th e  above i t  can  be seen  t h a t  f o r  t h e  u l t i m a t e  
l i m i t  s t a t e  an e l a s t i c  app roach  i s  used  to  d e te rm in e  th e  d i s t r i b u t i o n  
o f  f o r c e  a c t i o n s  (w i th  th e  o p t io n  of up to  t h i r t y  p e r c e n t  
r e d i s t r i b u t i o n  o f  moment depend ing  on th e  n e u t r a l  a x i s  d e p th )  and 
an i n e l a s t i c  ap p ro ach  f o r  a n a l y s i s  o f  s e c t i o n s .
The b ro ad  o b j e c t i v e  o f  t h i s  d i s s e r t a t i o n  i s  to  a s s e s s  th e  
p o s s i b i l i t y  o f  i n t r o d u c in g  a t h i r d  o p t io n  unde r  th e  h e a d in g  Member 
A n a l y s i s ,  t h a t  i s ,  t h e  u s e  o f  a  s im p le  p l a s t i c  th e o r y  a s  d e ve loped  
by J . F .  Baker f o r  th e  d e s ig n  o f  s t e e l  s t r u c t u r e s  ( 1 ) .
To th e  a u th o r ,  t h i s  would a p p e ar  to  p u t  a n a l y s i s  of 
r e i n f o r c e d  c o n c r e te  beam s t r u c t u r e s  f o r  th e  u l t i m a t e  l i m i t  s t a t e  
on a more l o g i c a l  b a s i s  as i t  would th e n  be p o s s i b l e  to  u se  an 
i n e l a s t i c  a n a l y s i s  to  d e te rm in e  th e  d i s t r i b u t i o n  o f  f o r c e  a c t i o n s  
i n  th e  sys tem  and to  a s s e s s  th e  s t r e n g t h  of s e c t i o n s .  T here  a r e  
two p r im a ry  o b j e c t i o n s  to  th e  u se  o f  t h i s  a p p ro a c h ,  w hich  r e q u i r e  
to  be i n v e s t i g a t e d : -
(1) p l a s t i c  a n a l y s i s  c o n c e n t r a t e s  on one 
d e s ig n  c r i t e r i o n  o n ly ,  t h a t  o f  s t r e n g t h ,  
b u t  does n o t  d e a l  w i th  s e r v i c e a b i l i t y  
r e q u i r e m e n ts  such as c r a c k in g  and 
d e f l e c t i o n .
(2) th e  v a l i d i t y  o f  th e  a p p l i c a t i o n  o f  p l a s t i c  
th e o r y  to  a  com posite  m a t e r i a l ,  one o f  
th e  c o n s t i t u e n t s  b e in g  c a p a b le  o f  v e ry
® l i t t l e  p l a s t i c  d e fo rm a t io n .
However, i f  t h e s e  o b j e c t io n s  can be overcom e, th e  u se  o f  
, s im p le  p l a s t i c  t h e o r y  o f f e r s  a d i r e c t  d e s ig n  p ro c e d u re  f o r  member
a n a l y s i s  a t  th e  u l t i m a t e  l i m i t  s t a t e  which would be a t t r a c t i v e  as a 
d e s ig n  o f f i c e  p ro c e d u re  and g iv e  a u n i f i e d  approach  to  th e  d e s ig n  
o f  s t e e l  and r e i n f o r c e d  c o n c re te  s t r u c t u r e s  f o r  one d e s ig n  c r i t e r i o n ,  
t h a t  o f  s t r e n g t h .
I t  must be em phasised  t h a t  th e  d e s ig n  o f  r e i n f o r c e d  c o n c r e te  
s t r u c t u r e s  over  th e  p a s t  e ig h ty  y e a r s  h a s ,  i n  g e n e r a l ,  been  b ased  
on th e  use  of  e l a s t i c  th e o ry  f o r  member and s e c t i o n  a n a l y s i s  -  o f t e n  
r e f e r r e d  to  as th e  " c l a s s i c a l "  method o f  d e s ig n  i n c o r p o r a t i n g  
p e r m i s s i b l e  s t r e s s e s .  At t h i s  s t a g e  i t  w i l l  be r e l e v a n t  to  t r a c e  
th e  developm ent of c l a s s i c a l  e l a s t i c  th e o ry  and c o n s id e r  i t s  
l i m i t a t i o n s .
1 .02  SURVEY OE ELASTIC DESIGN THEORY
I n  1773, C.A, Coulomb p u b l i s h e d  an e x p re s s io n  f o r  th e
b e n d in g  s t r e n g t h  o f  homogeneous f lexura l  members (2) , (3) i n  th e  
2form  M = f  b d /6  w hich s e rv e d  as a b a s i s  o f  th e  d e r i v a t i o n  of  
fo rm u lae  f o r  r e i n f o r c e d  c o n c re te  d e s ig n .  An e a r l y  m en tion  of 
a l lo w a b le  s t r e s s e s  was made i n  L ouis  N a v i e r ’ s book on s t r e n g t h  of 
m a t e r i a l s  i n  1826 ( 3 ) .  Thaddeus H y a t t  (3) i s  c r e d i t e d  t o  be th e  
f i r s t  to  c o r r e c t l y  a n a ly s e  th e  s t r e s s e s  i n  a r e i n f o r c e d  c o n c re te  
beam s t a t i n g  s p e c i f i c a l l y  t h a t  t h e  r e in f o rc e m e n t  m ust be a b le  t o  
r e s i s t  s u f f i c i e n t  t e n s i l e  s t r e s s  to  b a la n c e  th e  com press ive  f o rc e  
i n  t h e  c o n c r e te ,  i n  1877 he p u b l i s h e d  a book on th e  u se  of 
P o r t l a n d  cement c o n c re te  as a b u i l d i n g  m a t e r i a l  and i n  th e  fo l lo w in g  
tw en ty  y e a r s  a number o f  p r o p o s a l s  f o r  e l a s t i c  d e s ig n  o f
r e i n f o r c e d  c o n c re te  members came i n t o . p r i n t  ( 4 ) .  Thus i t  can be 
s t a t e d  t h a t  th e  e l a s t i c  d e s ig n  p ro c e d u re  f o r  r e i n f o r c e d  c o n c re te  
s t r u c t u r e s  had become e s t a b l i s h e d  by th e  b e g in n in g  o f  th e  20 th  
c e n tu r y .  I n e l a s t i c  d e s ig n  t h e o r i e s  were a l s o  p ro p o se d ,  b u t  n o t  
a p p l i e d .  These w i l l  be c o n s id e r e d  i n  C hap te r  2 .
O f f i c i a l  r e g u l a t i o n s  f o r  r e i n f o r c e d  c o n c re te  were 
in t r o d u c e d  i n  Germany and America i n  1903 (5) and i n  1905 th e  
Royal I n s t i t u t e  o f  B r i t i s h  A r c h i t e c t s  formed a j o i n t  com m ittee  on 
r e i n f o r c e d  c o n c re te  to  draw up r u l e s  f o r  th e  g u idance  o f  a r c h i t e c t s .  
The r e p o r t  o f  th e  j o i n t  com m ittee  was p u b l is h e d  i n  1907 (5) and f o r  
s e c t i o n  a n a l y s i s  t h e  f o l l o w in g  w ork ing  s t r e s s e s  were recommended
* 2 C o n c re te ,  com press ion  in  b en d in g  600 I b f / i n
2C o n c re te ,  d i r e c t  com pression  500 I b f / i n
2C o n c re te  i n  s h e a r  60 I b f / i n
S t e e l  i n  t e n s i o n  15-17000 I b f / i n ^
Modular r a t i o  15
The above v a lu e s  r e l a t e d  to  c o n c re te  c ru s h in g  s t r e n g t h s  
2betw een  2400 and 3000 I b f / i n  a t  28 days and s t e e l  w i th  an u l t i m a t e
2s t r e n g t h  o f  n o t  l e s s  th a n  60000 I b f / i n  . The above v a l u e s ,  s l i g h t l y
m o d if ie d ,  a p p e a r  i n  th e  f i r s t  e d i t i o n  o f  th e  London County C ounc il
(LCC) r e g u l a t i o n s  i n  1916 (7) as below
2 . . **S t e e l  16000 I b f / i n  i n  t e n s i o n  and m t im es  th e  s t r e s s
i n  th e  c o n c re te  im m edia te ly  s u r ro u n d in g  th e  s t e e l
i n  c o m press ion  (m i s  th e  m odular r a t i o )
m, th e  c l a s s i c a l  symbol f o r  m odular r a t i o ,  has been r e p l a c e d  by
ae i n  CP 110; 1972.
g iv en  i n  o r i g i n a l  I m p e r ia l  u n i t s  (1000 I b f / i n ^  = 6 .9  ^/mm^)
C o n cre te
Mix P e r m i s s i b l e  S t r e s s  
i n  Com pression  due 
to  f l e x u r e  *
I b f / i n
Modular
R a t io
m
Minimum u l t i m a t e  
s t r e n g t h  I b f / i n  ^
1 month 4 months
1 :2 :4 600 15 1600 2400
1 .2 : 2 : 4 650 13 .8 1800 2600
1 .5 : 2 : 4 700 12 .8 2000 2800
2 : 2 :4 750 12 2200 3000
Shear  1 /1 0  th e  p e r m i s s i b l e  com press ive  s t r e s s  i n  f l e x u r e
T e n s io n  N i l
These r e g u l a t i o n s  i n c lu d e d  a s e c t i o n  on beams w i t h  a t a b l e  
o f  app rox im ate  b e n d in g  moment c o e f f i c i e n t s  to  o b t a i n  th e  maximum 
moments a r i s i n g  from  v a r i a t i o n s  i n  th e  in c id e n c e  o f  d i s t r i b u t e d  lo a d s  
o v e r  a p p ro x im a te ly  e q u a l  s p a n s .  As an a l t e r n a t i v e ,b e a m s  c o u ld  be 
d e s ig n e d  f o r  'e x a c t*  p o s i t i v e  and n e g a t iv e  b end ing  moments w hich 
o c c u r  a t  e v e ry  c r o s s  s e c t i o n ,  w h e th e r  a l l  th e  spans  be lo ad e d  o r  
a l t e r n a t e ,  o r  any o f  t h e  spans  be  u n lo ad e d .
R e fe re n c e  i s  made to  th e  RIBA r e p o r t  by  Bunard 'Geen .(8) i n
h i s  book * Continuous Beams i n  R e in fo rc e d  C o n c re te * , p u b l i s h e d  i n
1913. The RIBA r e p o r t  recommended th e  assu m p tio n  o f  b e n d in g  moments 
2am ounting to  WL /1 2  a t  th e  c e n t r e  o f  th e  span  and a t  a d j a c e n t  s u p p o r t s  
where th e  beams a r e  e q u a l l y  lo ad e d  w i th  u n i fo rm ly  d i s t r i b u t e d  l o a d s ,  
and a r e  c o n t in u o u s  o v e r  t h r e e  o r  more e q u a l  sp a n s .  Geen*s book 
p r e s e n t s  a more r i g o r o u s  p r o c e d u re  b a sed  on th e  a p p l i c a t i o n  o f  th e  
t h r e e  moment theo rem . He s t a t e s  t h a t  th e  c a l c u l a t i o n s  in v o lv e d  i n  
d e te rm in in g  th e  s e c t i o n s  o f  r e i n f o r c e d  c o n c r e te  beams a r e  n e c e s s a r i l y
d iv id e d  i n t o  two p a r t s : -
(a)  c a l c u l a t i o n  o f  b e n d in g  moments and s h e a r  f o r c e s
(member a n a ly s e s )
(b) c a l c u l a t i o n  o f  r e s i s t i n g  moments and s h e a r in g
r e s i s t a n c e s  ( s e c t i o n  a n a l y s i s )
The book g i v e s ,  i n  c o n v e n ie n t  fo rm , b e nd ing  moments and 
s h e a r in g  f o r c e s  f o r  v a r i o u s  ty p e s  of  lo a d in g  i n  common use  f o r  
beams c o n t in u o u s  ove r  two, t h r e e  and f i v e  sp a n s .
The f o l lo w in g  a ssu m p tio n s  w ere  made i n  a p p ly in g  th e  t h r e e  
moment th eo re m : -
(1) a l l  spans  a r e  e q u a l  and t h e r e  a r e  s im p le  end 
s u p p o r t s
(2) th e  s u p p o r t s  a r e  r i g i d
(3) th e  moment o f  i n e r t i a  o f  th e  s e c t i o n  i s  c o n s t a n t
Geen o b s e rv e s  t h a t  th e  a ssu m p tio n  o f  c o n s t a n t  moment o f
i n e r t i a  i s  n o t  e n t i r e l y  j u s t i f i e d  and t h a t  th e  b end ing  moment 
2c o e f f i c i e n t  o f  WL /12  g iv e n  i n  th e  RIBA r e p o r t  i s  i n  e r r o r  f o r  
c e r t a i n  lo a d in g  a r ra n g e m e n ts .
The. book does n o t  c o n s id e r  s e c t i o n  a n a ly s i s  b u t  th e  b a s i c  
a ssu m p tio n s  f o r  f l e x u r a l  a n a l y s i s  had been  w e l l  e s t a b l i s h e d  and 
were as f o l l o w s : -
(a) th e  s t e e l  and c o n c r e te  s t r e s s e s  a re  w i t h i n  th e  e l a s t i c  
ra n g e  from  z e ro  to  s e r v i c e  lo ad
(b) t h e  r e s i s t a n c e  o f  c o n c r e te  to  t e n s i l e  s t r e s s  i s  
n e g l i g i b l e
(c )  t h e r e  i s  no r e l a t i v e  movement of th e  r e in f o r c e m e n t  
i n  th e  c o n c r e te  (bond s l i p )
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(d) p la n e  c r o s s  s e c t i o n s  o f  members b e f o r e  lo a d in g  
rem a in  p la n e  under  lo a d
(e)  th e  r a t i o  modulus o f  e l a s t i c i t y  o f  s t e e l /m o d u lu s
o f  e l a s t i c i t y  o f  c o n c r e t e ,  th e  m odular r a t i o  m (now 
qe ) i s  t a k e n  as a c o n s ta n t  q u a n t i t y ,  a commonly 
a d o p te d  v a lu e  b e in g  15.
From th e  above i t  can  be  se en  t h a t  th e  b a s i c  p ro c e d u re  f o r  
th e  e l a s t i c  a n a l y s i s  o f  r e i n f o r c e d  c o n c r e te  beams (member and 
s e c t i o n  a n a l y s i s )  h as  rem ained  unchanged ove r  a p e r i o d  o f  a b o u t  
60 y e a r s  a l th o u g h  p e r m i s s i b l e  s t r e s s e s  i n  th e  s t e e l  and c o n c re te  
have in c r e a s e d  by two to  t h r e e  hundred  p e r c e n t  and th e  t h r e e  moment 
theo rem  has  been  r e p l a c e d  by Hardy Cross moment d i s t r i b u t i o n  
t e c h n iq u e s  ( 9 ) ,  and more r e c e n t l y  by computer programmes.
However, from  th e  e a r l i e s t  s t a g e s  o f  th e  developm ent o f  
r e i n f o r c e d  c o n c r e te  t h e o r y  a number o f  e n g in e e r s  have q u e s t io n e d  
th e  v a l i d i t y  o f  th e  a p p l i c a t i o n  o f  e l a s t i c  th e o ry  to  t h e  com posi te  
m a t e r i a l .  I n  a  s e r i e s  o f  a r t i c l e s  p u b l i s h e d  i n  th e  S t r u c t u r a l  
E n g in e e r  (10) g iv in g  an e le m e n ta ry  e x p la n a t i o n  from  f i r s t  p r i n c i p l e s ,  
Ew art S, Andrews d i s c u s s e s  t h e  m odular r a t i o  and i t s  v a r i a b i l i t y  
and makes r e f e r e n c e  to  an e a r l i e r  p a p e r  by H. Kempton Dyson 
a p p r o p r i a t e l y  t i t l e d  "What i s  t h e  u se  o f  th e  M odular R a t io "  ( 1 1 ) .  
T h is  was p o s s i b l y  th e  f i r s t  p a p e r  on u l t i m a t e  lo a d  th e o r y  t o  be 
p r e s e n t e d  i n  England  and w i l l  be  o u t l i n e d  i n  C hap te r  2 . Using 
th e  assu m p tio n s  l i s t e d  p r e v i o u s l y  th e  l i m i t a t i o n s  o f  e l a s t i c  th e o r y  
w i l l  be  c o n s id e r e d  in r e l a t i o n  to  f l e x u r e  and f l e x u r a l  r i g i d i t y .
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1 .0 3  LIMITATIONS OF ELASTIC THEORY
. *
U sing  assu m p tio n s  (a)  to  (e )  w i th  n o t a t i o n  as  i n  F ig .  1 .1
th e  f o l lo w in g  e x p r e s s io n  may be d e r iv e d  f o r  s i n g l y  r e i n f o r c e d
s e c t i o n s ;  ^
f c  = X = n . . .  l ( i )
f s /  a e  d -  X 1 -  n
Thus f o r  g iv en  s t e e l  and c o n c r e te  s t r e s s e s  and a f ix e d  v a lu e  o f
a  e th e  n e u t r a l  a x i s  d e p th  may be d e te rm in e d  from  e q u a t io n  l ( i ) .
E q u a t in g  th e  t o t a l  c o m press ion  to  th e  t o t a l  t e n s i o n  f o r  l o n g i t u d i n a l
e q u i l i b r i u m  and making u se  o f  e q u a t io n  l ( i ) ,  t h e  s t e e l  p e rc e n ta g e
(p -  100) may be e x p re s s e d  i n  term s o f  th e  n e u t r a l  a x i s  f a c t o r
bd
and th e  m odular r a t i o  as  be low ;
p = ^  i  “  ^  • • •  l ( i i )
ae d -x  d ae l~n
The r e s i s t a n c e  moment o f  th e  s e c t i o n  may be e x p re s s e d  i n  th e
fo l lo w in g  form:
RM = Cz
= f c  n ( l - ^ )  bd^
2
i ( i i i )
where Q = f c  n ( l - ~ )
2
R e f e r r in g  to  F ig .  1 .2  i t  i s  p o s s i b l e  to  d e r i v e ,  from th e  e q u a t io n  
o f  b e n d in g ,  an e x p r e s s io n  f o r  t h e  f l e x u r a l  r i g i d i t y  o f  a r e i n f o r c e d  
c o n c r e te  s e c t i o n :
The s t r a i n  a t  th e  l e v e l  o f  th e  s t e e l  = (R + ( l - n ) d )  d -  Rd
R d\
= (1 -n )  d 
R
A (pages 8 and 9)
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ec
nd = X
As
0 8  =  e
fc
L/
/
^ __;^/3
Z =  d - x /3
=  fs/ae  
< ►-
F ig .1.1
nd
( 1 -  n)d
F ig .1 .2
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E l a s t i c  modulus f o r  s t e e l
th u s 1 = Gs
R (1 -n )  d '
e q u a t io n M
I
= E
R
MR El
th u s E l M (1 -n )  d
e" s
now M = As f s  ( l - j ) d
and f o r  p As
bd
M . = p b d^ f s  (1 -j) .
and E l = p b d^ (1 -y )  (1 -n )  
es
Es = f s
es
hence E l p Es (1 -n )  ( l “j )  bd^
o r E l - K b d^ . . .  l ( i v )
where K = p Es (1 -n )  (1 -&
Thus member and s e c t i o n  a n a l y s i s  f o r  f l e x u r e  a r e  r e l a t e d  to
3 2e q u a t io n s  E l  = K b d and EM = Q b d r e s p e c t i v e l y .  The f a c t o r s  K
and Q a re  dep en d en t  on th e  n e u t r a l  a x i s  f a c t o r  n w hich  i s  i n  t u r n
r e l a t e d  to  th e  m odular  r a t i o  a  e .  I t x h a s  long  b een  e s t a b l i s h e d  t h a t
th e  s t r e s s / s t r a i n  r e l a t i o n s h i p  f o r  c o n c r e te  i s  n o t  l i n e a r  and th u s
i t s  modulus o f  e l a s t i c i t y  w i l l  n o t  be c o n s t a n t .  A commonly a c c e p te d
form f o r  th e  s h o r t  te rm  s t r e s s / s t r a i n  r e l a t i o n s h i p  f o r  c o n c r e te  i s  a
p a r a b o l i c  r e c t a n g u l a r  cu rv e  as  shown i n  F i g .  1 .3 .  Thus o n ly  a t  low
s t r e s s  l e v e l s  w i l l  t h e  s t r e s s / s t r a i n  r e l a t i o n s h i p  be a p p ro x im a te ly
l i n e a r  and a c o n s t a n t  e l a s t i c  modulus i s  more a p p r o p r i a t e  to  th e
0,45  feu
— approximately
m  t  1  A —
m  • PMV -W- W ^  w w w V VW ,  1
y stress  levels
constant at low
[feu] 2 0.0035
5000
Strain e
F ig . l .  3 Typical design s tress /stra in  curve for concrete (CPI 10), 
feu is  the charaeteristie conerete eube strength.
Me Me Me
Me Me
>
3 - 3Elcracked
El ?ross
Fig. 1 .4  An indication of the variation.of.flexural rigidity along the 
length of a reinforced concrete beam.
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s t r e s s  l e v e l s  g iv e n  i n  th e  1916 LCC r e g u l a t i o n s  th a n  th o se  i n  
c u r r e n t  s t a n d a r d s .  The v a lu e  o f  Ec shown i n  F ig .  1 .3  i s  p r o p o r t i o n a l  
t o  th e  sq u a re  r o o t  o f  th e  c o n c r e te  c ru s h in g  s t r e n g t h  and hence  th e  
s h o r t  te rm  modulus o f  e l a s t i c i t y  o f  c o n c re te  sh o u ld  be r e l a t e d  to
(1) th e  c o n c re te  c ru s h in g  s t r e n g t h  
. (2 )  th e  s t r e s s  l e v e l
Under s u s t a i n e d  lo a d in g  t h e r e  w i l l  be an i n c r e a s e  i n  s t r a i n
and th u s  o y e r  a p e r io d  o f  t im e  th e  e f f e c t i v e  modulus o f  e l a s t i c i t y
o f  th e  c o n c r e te  w i l l  be  as  low as  one t h i r d  o r  one q u a r t e r  o f  th e
in s t a n t a n e o u s  v a lu e ,  Ec , d e pend ing  on i t s  c reep  c h a r a c t e r i s t i c s  and
e n v iro n m e n ta l  i n f l u e n c e s .  The i n f l u e n c e  o f  th e  v a r i a b i l i t y  o f  ae
on th e  r e s i s t a n c e  to  f l e x u r e  and th e  f l e x u r a l  r i g i d i t y  o f  th e
com posite  m a t e r i a l  as e x p re s s e d  by e q u a t io n s  l ( i i i )  and l ( i v )
can  be d e m o n s t ra te d  as f o l l o w s ; -
T ab le  1 .1  g iv e s  v a lu e s  o f  th e  s h o r t  term  e l a s t i c  modulus
( ta k e n  from CP 110) w hich a r e  r e l a t e d  to  th e  c ru s h in g  s t r e n g t h  o f
th e  c o n c r e t e .  I f  i t  i s  assumed t h a t  th e  modulus o f  e l a s t i c i t y  o f
2t h e  s t e e l  h a s  a c o n s t a n t  v a lu e  o f  Es = 200 KN/mm th e n  v a lu e s  o f  ae 
can  be l i s t e d  r e l a t i n g  to  th e  s h o r t  term  modulus Ec and an e f f e c t i v e  
modulus E e f f  w hich i s  g iv en  f o r  conven ience  i n  term s o f  m u l t i p l e s  
o f  Ec.
The v a lu e  o f  ae  commonly adop ted  i n  d e s ig n  s ta n d a r d s  i s
15. In  th e  handbook on CP 114:1957 (32) S c o t t ,  G l a n v i l l e  & Thomas
em phasise  th e  v a r i a b i l i t y  o f  a c '  and r e f e r  to  u se  o f  a  v a r i a b l e
m odular r a t i o  o f  40000 d iv id e d  by th e  works cube s t r e n g t h  
2( i n  I b f / i n  ) recommended i n  th e  1934 D .S . I .R .  code .
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C rush ing  s t r e n g t h  
o f  c o n c r e te  
N/mm^
ae
Ec ta k e n  
from CP 110 S h o r t - t e r mEs B e f f = l , Ee f  f= l , Ee f f = l ,
(1) (2)
Ec
(3)
Ec ^2 
(4)
Ec ^3 
(5)
Ec 4 
(6)
20 25 8 16 24 32
25 26 •' 7 .8 15 .6 23 .4 31 .2
30 28 7.15 14 .3 21 .4 28 .6
40 31 6 .45 12 .9 19 .4 2 5 .8
TABLE 1 .1  V a lues  o f  m odular r a t i o  a e  r e l a t e d  to  s h o r t  and long  term  
e l a s t i c  modulus o f  c o n c r e te
Tak ing  a s p e c i f i c  example o f  a s i n g l y  r e i n f o r c e d  beam w i t h
th e  r e in f o rc e m e n t  p e rc e n ta g e  e q u a l  to  say 1 .5  th e  e f f e c t  o f  v a ry in g
a  e can be q u a n t i f i e d .  Assuming a c ru s h in g  s t r e n g t h  o f  20 N/mm^ th e n
from  T ab le  1 ,1  th e  v a lu e  o f  a e ( s h o r t  term ) i s  8 .0 .  U sing  th e  e q u a t io n s
d e r iv e d  f o r  f l e x u r e  th e  n e u t r a l  a x i s  f a c t o r  n c o r r e s p o n d in g  to  p = 1 .5
and a e = 8 i s  i n  t h e  o r d e r  o f  0 .4  and th e  l e v e r  arm f a c t o r  w i l l  be  
0 .4d ( l  -----~ )  = 0 .867  d . I f  i n  th e  long  term  th e  v a lu e  o f  ae  i n c r e a s e s
to  32 th e  n e u t r a l  a x i s  f a c t o r  w i l l  i n c r e a s e  to  0 .625  and th e  l e v e r
arm f a c t o r  w i l l  be  d ( l  -  = 0 .792  d . The r e d u c t i o n  i n  l e v e r
arm w i l l  c a u se  an i n c r e a s e  i n  s t e e l  s t r e s s  o f 0 .8670.792 say 10 p e r c e n t .
The e f f e c t  o f  an i n c r e a s e  i n  th e  n e u t r a l  a x i s  f a c t o r  on th e  f l e x u r a l
r i g i d i t y  o f  th e  s e c t i o n  w i l l  be  as  b e lo w :-
,3F o r  n  ~ 0 .4 EX = K b d'
K = p Es (1-Ç) (1-n)
= 0 .015  Es 0 .867  0 .6  
= 0*0078 Es
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Thus E l  = 0 ,0078  Es h .
F o r  n = 0 .625  K = 0 .015  Es 0 .7 9 2  0 .375
. = 0 .00445  Es
t h u s  E l  = 0 .00445  Es b d^
Thus f o r  a f o u r  hundred  p e r c e n t  i n c r e a s e  i n  a e  th e  c o r r e s p o n d in g
i n c r e a s e  i n  s t e e l  s t r e s s  i s  a b o u t  10 p e r c e n t  and th e  r e d u c t i o n  i n
f l e x u r a l  r i g i d i t y  i n  th e  o r d e r  o f  75 p e r c e n t .  Hence i t  c o u ld  be
a rg u ed  t h a t  a s  f a r  a s  s e c t i o n  a n a l y s i s  f o r  f l e x u r e  i s  c o n c e rn e d ,
l a r g e  v a r i a t i o n s  i n  th e  v a lu e  o f  a  e a r e  n o t  v e r y  s i g n i f i c a n t  and
t h a t  a c o n s t a n t  v a lu e  o f  15 i s  r e a s o n a b le  f o r  d e s ig n  p u r p o s e s .
W ith r e g a r d  to  f l e x u r a l  r i g i d i t y  th e  e f f e c t  o f  chan g ing  a e i s
more s i g n i f i c a n t ,  p a r t i c u l a r l y  w i th  r e g a r d  to  d e f l e c t i o n ,  and th e
i n f l u e n c e  on th e  d i s t r i b u t i o n  o f  f o r c e  a c t i o n s  i n  a beam sys tem
sh o u ld  a l s o  be c o n s id e r e d .  Fo r  t h e  e l a s t i c  a n a l y s i s  o f  beam
sys tem s  i t  i s  n e c e s s a r y  to  e v a l u a t e  th e  r e l a t i v e  s t i f f n e s s e s  of  
th e  members and th e  f o l l o w in g  o p t io n s  a r e  g iv en  i n  CP 1 1 0 :-
(1) t h e  c o n c r e te  s e c t i o n :  th e  e n t i r e  c o n c re te  
c r o s s - s e c t i o n ,  i g n o r in g  th e  r e in f o r c e m e n t .
(2) , t h e  g r o s s  s e c t i o n :  t h e  e n t i r e  c o n c r e te  c r o s s
s e c t i o n  i n c l u d in g  th e  r e in f o rc e m e n t  on th e  
b a s i s  o f  m odular  r a t i o .
(3) t h e  t ra n s fo rm e d  s e c t i o n :  th e  co m p ress io n  a r e a  
o f  t h e  c o n c r e te  c r o s s  s e c t i o n  combined w i th
th e  r e in f o r c e m e n t  on th e  b a s i s  o f  m odu la r  r a t i o .
I n  m ethods (2) and (3) r e f e r e n c e  i s  made to  t h e  m odular  
r a t i o  b u t  as  th e  d i s t r i b u t i o n  o f  f o r c e  a c t i o n s  i s  d e p e n d en t  on th e  
r e l a t i v e  s t i f f n e s s e s  o f  t h e  members changes i n  th e  v a lu e  o f  ae  
w i l l  n o t  be s i g n i f i c a n t .  Methods (2) and (3) a r e  n o t ,  i n  th e
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a u t h o r ' s  v iew , r e a l i s t i c ,  as th e  r e in f o rc e m e n t  a r e a  i s  n o t  known 
a t  th e  member a n a l y s i s  s t a g e ,  and th e  a r i t h m e t i c  work in v o lv e d  
u s in g  e s t im a te d  s t e e l  a r e a s  would n o t  be j u s t i f i e d .  The s i t u a t i o n  
i s  f u r t h e r  c o m p l ic a te d  by th e  f a c t  t h a t  th e  f l e x u r a l  r i g i d i t y  a lo n g  
th e  l e n g t h  o f  th e  member w i l l  v a ry  due to  th e  change from  a c ra c k e d  
to  an u nc racked  s e c t i o n .  An i n d i c a t i o n  o f  th e  v a r i a t i o n  o f  f l e x u r a l  
r i g i d i t y  a lo n g  th e  l e n g t h  o f  a c o n t in u o u s  beam s la b  sy s tem  i s  
i n d i c a t e d  i n  F ig .  1 .4 .  The e x p r e s s io n  E l  = k  b d was b a sed  on th e  
a ssu m p tio n  t h a t  th e  c o n c r e te  below  th e  n e u t r a l  a x i s  makes no c o n t r i b u t i o n  
to  th e  s t i f f n e s s  o f  th e  s e c t i o n .  The s t i f f e n i n g  e f f e c t  o f  th e  f i n g e r s  
o f  c o n c r e te  be tw een  th e  f l e x u r a l  c ra c k s  i s  q u i t e  s i g n i f i c a n t  and. 
i n f l u e n c e s  th e  d e fo rm a t io n  o f  th e  s e c t i o n  and th e  s t e e l  s t r e s s .  Thus 
method (1) i s  g e n e r a l l y  adop ted  i n  th e  i n t e r e s t s  o f  s i m p l i c i t y  a l th o u g h  
i t s  a c c u ra c y  i s  q u e s t i o n a b l e .
To sum m arise , e l a s t i c  a n a l y s i s  has  a number o f  l i m i t a t i o n s  
b u t  i t  has  been  u sed  f o r  th e  d e s ig n  o f  thousands  o f  s t r u c t u r e s  o v e r  
th e  p a s t  80 y e a r s ,  th e  v a s t  m a j o r i t y  o f  which have been  shown to  e x h i b i t  
a d e q u a te  s t r e n g t h  and s e r v i c e a b i l i t y .  With th e  developm ent o f  m a t e r i a l s  
t e c h n o lo g y  p e r m i s s i b l e  s t r e s s e s  have in c r e a s e d  and f o r  economic 
r e a s o n s  i t  h a s  become n e c e s s a r y  to  i n v e s t i g a t e  means o f  r e d u c in g  th e  
m a t e r i a l  c o n te n t  o f  s t r u c t u r e s .  R ed u c t io n  o f  member s i z e s  coup led  
w i th  i n c r e a s e d  s t r e s s e s  has  l e d  to  th e  f o rm u la t io n  o f  d e s ig n  s ta n d a r d s  
w hich  r e q u i r e  th e  d e m o n s t ra t io n  o f  th e  adequacy o f  a  s t r u c t u r e  i n  
te rm s o f  s t r e n g t h  and s e r v i c e a b i l i t y .  I t  i s  th u s  n e c e s s a r y  to  q u a n t i f y  
th e  m arg in  o f  s a f e t y  o f  a s t r u c t u r e  a g a i n s t  f a i l u r e .  The mode o f  
f a i l u r e  o f  r e i n f o r c e d  c o n c re te  members has  been  th e  s u b j e c t  o f  a l a r g e
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number o f  r e s e a r c h  programmes and i t  h a s  been  e s t a b l i s h e d  t h a t  
r e i n f o r c e d  c o n c r e t e  b eh av es  i n  a  manner i n t e r m e d ia t e  be tw een  th e  
e l a s t i c - p l a s t i c  r e s p o n s e  o f  th e  r e in f o rc e m e n t  and th e  b r i t t l e  
b e h a v io u r  o f  th e  c o n c r e t e ,  w hich  u n d e r  norm al c o n d i t io n s  o f  l o a d in g  
i s  c a p a b le  o f  v e ry  l i t t l e  p l a s t i c  d e fo rm a t io n .  The r e s p o n s e  o f  a 
s i n g l y  r e i n f o r c e d  s e c t i o n  to  f l e x u r e  g iv e s  a  c l e a r  i n d i c a t i o n  o f  th e  
i n e l a s t i c  b e h a v io u r  o f  th e  com pos i te  m a t e r i a l .  F i g . 1 .5  i l l u s t r a t e s  
th e  g e n e r a l  form o f  th e  s t r e s s / s t r a i n  r e l a t i o n s h i p  f o r  s t e e l  and 
c o n c r e t e .  The s t r e s s / s t r a i n  cu rve  f o r  m ild  s t e e l  has  a  d e f i n i t e  
s t r a i g h t  l i n e  p o r t i o n  OL^ w hich  r e p r e s e n t s  th e  e l a s t i c  r a n g e .  At a 
s t r e s s  f y  th e  s t e e l  y i e l d s  and th e  p o r t i o n  L2  r e p r e s e n t s  th e  
p l a s t i c  ran g e  i n  w hich  th e  s t e e l  undergoes  e x te n s iv e  s t r a i n  a t  c o n s ta n t  
s t r e s s .  T h is  i s  fo l lo w e d  by a f u r t h e r  i n c r e a s e  i n  s t r e s s  and s t r a i n  
( s t r a i n  h a rd e n in g )  u n t i l  f r a c t u r e  o c c u rs  a t  L^. The d o t t e d  l i n e  
r e p r e s e n t s  a  s i m p l i f i e d  form of  t h i s  curve  c o n s i s t i n g  o f  two s t r a i g h t  
l i n e s  OL^ and which i s  sometimes r e f e r r e d  to  as th e  i d e a l i s e d
s t r e s s / s t r a i n  d iag ram . F o r  h ig h  t e n s i l e  s t e e l  t h e r e  i s  n o t  a w e l l  
d e f in e d  y i e l d  p o i n t  b u t  a g a in  th e  cu rve  can be s i m p l i f i e d  to  an 
i d e a l i s e d  form  OL^ L2 . The s t r e s s / s t r a i n  cu rve  f o r  c o n c r e te  i s  
a p p ro x im a te ly  l i n e a r  a t  low s t r e s s  l e v e l s . a n d . a g a i n  can be r e p r e s e n t e d  
i n  an i d e a l i s e d  form  by th e  d o t t e d  l i n e  OL. 1 ,2 . The l i m i t i n g  c o n c re te  
s t r a i n  L2  i s  g e n e r a l l y  i n  th e  ran g e  0 .0 0 3 - 0 .0 0 4 ,  and f o r  t h e  p r e s e n t  
argum ent a  mean v a lu e  o f  0 .0035  w i l l  be  assumed. Y ie ld  o f  t h e  m ild  
s t e e l  t a k e s  p l a c e  a t  a s t r a i n  v a lu e  o f  abou t  0 .0 0 2 .  R e f e r r in g  to  
F i g . 1 .6  th e  v a r i o u s  s t a g e s  i n  th e  d e fo rm a t io n  o f  a c o n c r e te  beam under, 
f l e x u r e  can now be examined t a k i n g  due n o te  o f  th e  s t r e s s / s t r a i n  
c h a r a c t e r i s t i c s  o f  th e  two m a t e r i a l s  as i n d i c a t e d  i n  F i g .  1 .5 .  For a 
s e c t i o n  unde r  a b e n d in g  f o r c e  a c t i o n  on ly  (between p o i n t s  C and D) th e  
s t r e s s e s  w i l l  be  low unde r  th e  f i r s t  lo a d  in c re m e n t  and th e  com pos i te
19
high tensile steel
mild steel
fy
Concrete
Strain
Fig, 1. 5 Idealised stress/stra in  curves for  
steel and concrete.
Wi W
\! ,______________________ _________J
‘a
< L /3  »
C
< L /3  ,
D
< L /3 _ ,_
\
Fig. 1 .6
i
0  u 0  0  u
(a) (b)7
20
s e c t i o n  w i l l  be  u n c ra c k e d  ( a ) .  As th e  lo a d  i n c r e a s e s  th e  t e n s i l e  
s t r e n g t h  o f  th e  c o n c r e te  w i l l  be  exceeded  c a u s in g  th e  c o n c r e te  to  
c r a c k .  The t e n s i o n  w i l l  be  t r a n s f e r r e d  to  th e  s t e e l  p ro v id e d  t h e r e  
i s  s u f f i c i e n t  a r e a  o f  s t e e l  to  t a k e  t h i s  t e n s i o n  w i th o u t  y i e l d  and 
t h e r e  i s  a d e q u a te  bond be tw een  th e  two m a t e r i a l s .  The com press ive  
s t r e s s  i n  t h e  c o n c r e te  w i l l  s t i l l  be  w i t h i n  th e  a p p ro x im a te ly  e l a s t i c  
ran g e  and th u s  a s t r a i g h t  l i n e  d i s t r i b u t i o n  may be assumed. With 
f u r t h e r  i n c r e a s e  i n  lo a d  th e  d e p th  o f  th e  f l e x u r a l  c r a c k s  w i l l  
i n c r e a s e  b u t  th e  s t e e l  bonded to  t h e  c o n c re te  be tw een  th e  c r a c k s  
w i l l  c o n t in u e  to  t a k e  th e  t e n s i o n .  In  th e  com press ion  zone th e  
ex trem e f i b r e  s t r e s s e s  w i l l  no lo n g e r  be w i t h i n  th e  a p p ro x im a te ly  
s t r a i g h t  l i n e  p o r t i o n  o f  th e  s t r e s s / s t r a i n  cu rve  and th u s  the  
d i s t r i b u t i o n  o f  s t r e s s  w i l l  be as i n  d iag ram  ( c ) . Assuming a d e q u a te  
bond , th e  f a i l u r e  o f  t h e  beam i n  f l e x u r e  w i l l  depend on th e  p e r c e n ta g e  
o f  r e in f o rc e m e n t  p . I f  p i s  low th e  s t e e l  w i l l  r e a c h  i t s  y i e l d  
s t r a i n  ( a p p ro x im a te ly  0 .0 0 2 )  b e f o r e  th e  c o n c re te  r e a c h e s  i t s  l i m i t i n g  
s t r a i n  o f  say  0 .0 0 3 5 .  With y i e l d  o f  th e  s t e e l  a  m odera te  in c re m e n t  
o f  lo a d  w i l l  c au se  a l a r g e  i n c r e a s e  i n  c ra c k  w id th ,
r e s u l t i n g  i n  g e n t l e  s p e l l i n g  o f  t h e  c o n c re te  i n  th e  ex trem e  com press ion  
f i b r e s .  I f  th e  v a lu e  o f  p i s  h ig h  th e  c o n c re te  w i l l  r e a c h  i t s  
l i m i t i n g  s t r a i n  b e f o r e  th e  s t e e l  y i e l d s  and th e  f a i l u r e  w i l l  be 
sudden and e x p lo s i v e .  I t  i s  o b v io u s ly  d e s i r a b l e  to  p r o p o r t i o n  a 
r e i n f o r c e d  c o n c re te  s e c t i o n  to  e n s u re  t h a t  th e  s t e e l  y i e l d s  b e f o r e  
th e  c o n c r e te  r e a c h e s  i t s  l i m i t i n g  s t r a i n  th u s  g iv in g  ample w arn in g  
o f  f a i l u r e .  A f u r t h e r  c o n s i d e r a t i o n  i s  t h a t  th e  p l a s t i c i t y  o f  th e  
s e c t i o n  can be u t i l i s e d  when c o n s id e r in g  member a n a l y s i s  a t  u l t i m a t e  
c o n d i t i o n s .  F ig .  1 .7  i l l u s t r a t e s  th e  developm ent o f  c ra c k s  i n  a 
r e i n f o r c e d  c o n c re te  beam r e i n f o r c e d  to  e n s u re  th e  f a i l u r e  mode 
i s  g r a d u a l .  Depending on th e  p e r c e n ta g e  o f  r e in f o r c e m e n t  t h e  moment/
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c u r v a tu r e  r e l a t i o n s h i p  f o r  a r e i n f o r c e d  c o n c re te  s e c t i o n  w i l l  ' t a k e  
th e  g e n e r a l  form  as  shown i n  F i g . 1 .8 .  I f  i t  can be assumed t h a t  th e  
m o m e n t / ro ta t io n  c h a r a c t e r i s t i c s  t a k e  th e  form o a b th e n  a s im ple  
p l a s t i c  t h e o r y ,  i n  th e  form  d ev e lo p ed  by J . F .  Baker (1) f o r  th e  d e s ig n  
o f  s t e e l  s t r u c t u r e s ,  c o u ld  be p o s t u l a t e d  f o r  th e  a n a l y s i s  (member and 
s e c t i o n )  o f  c o n t in u o u s  c o n c r e te  beams.
1 .04  SIMPLE PLASTIC THEORY
I n  th e  mid 1930’ s e x p e r im e n ta l  work was s t a r t e d  a t  th e
U n i v e r s i t y  o f  B r i s t o l  (1) to  i n v e s t i g a t e  modes o f  c o l l a p s e  o f
re d u n d a n t  s t e e l  s t r u c t u r e s  and th e  work was c a r r i e d  f a r  enough to
p r o v id e  a b a s i s  f o r  t h e  d e s ig n  o f  c e r t a i n  un u su a l  w artim e  s t r u c t u r e s .
The work was c o n t in u e d  d u r in g  th e  im m ediate  p o s t  war y e a r s  a t  th e
U n i v e r s i t y  o f  Cambridge and i t  was p o s s i b l e  to  s u b s t a n t i a t e  a method
o f  a n a l y s i s  b a sed  on s im p le  p l a s t i c  th e o ry  o f  b e nd ing  f o r  m ild  s t e e l .
E l a s t i c  and p l a s t i c  s t r e s s  d i s t r i b u t i o n s  f o r  m ild  s t e e l  and r e i n f o r c e d
c o n c r e te  a r e  shown i n  F i g , 1 .9  w hich  co rre sp o n d  to  e l a s t i c  and
p l a s t i c  moments Me and Mp r e s p e c t i v e l y .  I f  th e  p l a s t i c  moment Mp
can be s u s t a i n e d  ( se e  F i g . l . 8 ) t h e n  i t  i s  p o s s i b l e  to  a n a ly s e  a
c o n t in u o u s  member i n  th e  fo l lo w in g  way. C o n s id e r .a ^ tw o  span c o n t in u o u s
beam w i th  u n i fo rm ly  d i s t r i b u t e d  s e r v i c e  lo a d  q occupy ing  b o th  s p a n s ,
Fig.. 1 .1 0 .Then a c o n v e n t io n a l  e l a s t i c  a n a l y s i s  would g i v e ,  f o r  c o n s t a n t
2f l e x u r a l  r i g i d i t y ,  a b e n d in g  moment a t  su p p o r t  B o f  0 .1 2 5  q L . For  
lo a d in g  beyond th e  s e r v i c e  v a lu e  o f  q the  s t e e l  w i l l  y i e l d  f i r s t  a t  
s u p p o r t  B, th e  p l a s t i c  moment Mp w i l l  be  rea c h e d  and th e  s e c t i o n  a c t s  
a s  a p l a s t i c  h in g e  f o r  f u r t h e r  i n c r e a s e  i n  lo a d .  With f u r t h e r  i n c r e a s e
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R =  1/K
Mp
curvature K
Fig. 1. 8 Idealised moment/curvature relationship (cab) for
for a lightly reinforced section. Curve (oac) relates  
to a heavily reinforced section.
3
Me Mp
Me Mp
* 0
Fig. 1 .9  E lastic and plastic stress  distributions for steel and 
reinforced concrete.
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i n  lo ad  s e c t i o n  B w i l l  c o n t in u e  to  r o t a t e  a t  c o n s t a n t  moment Mp 
u n t i l  f u r t h e r  h in g e s  deve lop  i n  th e  s p a n s ,  F i g . l .  l l r e s u l t i n g  i n  
a mechanism a t  lo a d  A q . C o n s id e r  th e  e q u i l i b r i u m  o f  th e  sys tem  
a t  th e  p o i n t  o f  r e a c h in g  th e  c o l l a p s e  lo ad  X q .  I f  th e  s e c t i o n  i s  
r e i n f o r c e d  such  t h a t  th e  p l a s t i c  moments i n  th e  s u p p o r t  and span  a r e  
e q u a l  th e n
a  + b = L
2Mp = X q a
2
2Mp = Xq b^
2
2th u s   ^ = a__
and b = J~2 a
th e n  a + y f la  = L
a = 0 .4 1 4  L
. and Mp = X q l /  (0 .4 1 4 )^
2
= X q I ?  . . .  1 ( V )
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Thus f o r  th e  chosen  s u p p o r t  t o  span  moment r a t i o  o f  u n i t y  
th e  d i s t r i b u t i o n  o f  moment i s  c o m p le te ly  d i f f e r e n t  from  t h a t  o b ta in e d  
by an e l a s t i c  a n a l y s i s .  The p l a s t i c  a n a l y s i s  was C a r r i e d  o u t  from  
c o n s id e r a t i o n s  o f  e q u i l i b r i u m  o n ly  and Baker & Heyman (13) g iv e  th e  
f o l lo w in g  m a s te r  s t a t e m e n ts  o f  p l a s t i c  a n a l y s i s  and d e s ig n ,  namely
Mechanism 
E q u i l ib r iu m  
Y ie ld  M < Mp
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F o r  t h e  two span  beam a n a ly s e d  p r e v i o u s l y  th e  
mechanism assumed was t h a t  i n  F i g . l l O a n d  Mp was o b ta in e d  from 
c o n s i d e r a t i o n s  o f  e q u i l i b r i u m .  I t  m ust be v e r i f i e d  t h a t  th e  
y i e l d  c o n d i t i o n  i s  s a t i s f i e d ,  t h a t  i s  th e  b e n d in g  moments a t  
any s e c t i o n  do n o t  exceed  th e  l o c a l  v a lu e  o f  Mp. I f  i t  was assumed
t h a t  th e  h in g e s  o c c u r r e d  a t  t h e  s u p p o r t  and m idspan  p o i n t s
L 2(a  = b = ~ )  th e n  th e  v a lu e  o f  Mp i s  A q L Thus t h e  y i e l d
c o n d i t i o n  i s  n o t  s a t i s f i e d  and a l t e r n a t i v e  c o l l a p s e  modes r e q u i r e
i n v e s t i g a t i o n .  Fo r  c o n t in u o u s  beams a s im p le  g r a p h i c a l  o r
a n a l y t i c a l  app roach  can  be u se d  ( 1 3 ) .  The m a s te r  s t a t e m e n ts  f o r
an e l a s t i c  a n a l y s i s  a r e : -
C o m p a t i b i l i t y  (d is p la c e m e n t  c o n d i t i o n s )
E q u i l i b r i u m  ( s t a t i c s )
Moment C u rv a tu re  R e l a t i o n s h i p
The l i m i t a t i o n s  o f  an  e l a s t i c  a n a l y s i s  have b e e n  o u t l i n e d  
p r e v i o u s l y  and i t  does n o t  r e l a t e  to  u l t i m a t e  c o n d i t i o n s .  To sum m arise , 
t h e  o b j e c t  o f  t h i s  d i s s e r t a t i o n  i s  to  a s s e s s  th e  p o s s i b i l i t y  o f  c a r r y i n g  
o u t  an  a n a l y s i s  o f  c o n t in u o u s  r e i n f o r c e d  c o n c r e te  beams a t  th e  u l t i m a t e  
l i m i t  s t a t e  on th e  f o l l o w in g  b a s i s
Member a n a l y s i s :  th e  u se  o f  s im p le  p l a s t i c  th e o r y
i n c o r p o r a t i n g  g r a p h i c a l  o r  a n a l y t i c a l  
m ethods
S e c t io n  a n a l y s i s ;  s t r e n g t h  o f  s e c t i o n  a s s e s s e d  by i n e l a s t i c  
m ethods u s in g  c u r r e n t  d e s ig n  s t a n d a r d s
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A\
B
V 0.125 qL2
H l l l [ p 7
Fig. 1 ,10 E lastic analysis.
Aq
pnrY^rY>r>rYYirr>r^r^rr^
f â - ) f -Mp
Aqa Aqb
B
a4------►
— t-Mp Mp
_ A q L 2
11.65
,, Mp =  AqLi2
11.65
Fig. 1.11 Plastic analysis.
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T h is  approach  to  d e s ig n ,  a l th o u g h  s im p le  i n  co n cep t , ,  i s  
open to  a number o f  o b j e c t io n s  w hich r e q u i r e  f u r t h e r  i n v e s t i g a t i o n .  
The p r e v io u s  argum ent r e l a t e d  to  one f o r c e  a c t i o n  o n ly ,  t h a t  o f  
b e n d in g  and i t  was assumed t h a t  r e i n f o r c e d  c o n c re te  has  a s im ple  
b i ~ l i n e a r  moment c u r v a t u r e  r e l a t i o n s h i p .  The d e s ig n e r  w i l l  r e q u i r e  
t o  be s a t i s f i e d  th a t .
(a )  r e i n f o r c e d  c o n c r e te  s e c t i o n s  do n o t  have a 
d ro o p in g  m o m e n t/c u rv a tu re  r e l a t i o n s h i p
(b) th e  p r e s e n c e  o f  o t h e r  f o rc e  a c t i o n s  a t  a 
p a r t i c u l a r  s e c t i o n  w i l l  n o t  a d v e r s e ly  a f f e c t  
i t s  m o m e n t / ro ta t io n  c h a r c t e r i s t i c s
(c )  a t  s e r v i c e  lo ad  th e  r e s p o n s e  o f  members 
p r o p o r t io n e d  on a  p l a s t i c  b a s i s  w i l l  n o t  be 
such  as t o  cause  e x c e s s iv e  c r a c k in g  or 
d e fo r m a t io n .
In  th e  fo l lo w in g  c h a p te r  t h e  developm ent o f  p l a s t i c  
t h e o r i e s  and t h e i r  g r a d u a l  i n t r o d u c t i o n  i n t o  d e s ig n  s t a n d a r d s  w i l l  
be  su rv e y e d .
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THE DEVELOPMENT OF PLASTIC THEORY 
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2 .0 0  THE DEVELOPMENT OF PLASTIC THEORY FOR REINFORCED CONCRETE
2 .0 1  INTRODUCTION
Between 1880 and 1900 a number o f  fo rm u lae  w ere  p u b l i s h e d  
f o r  th e  e l a s t i c  and i n e l a s t i c  a n a l y s i s  of r e i n f o r c e d  c o n c re te  
s e c t i o n s .  The e a r l i e s t  t h a t  th e  a u th o r  has  been  a b le  t o  t r a c e  i s  
t h a t  p u b l i s h e d  i n  1886 by Koenen, th e n  a Government a r c h i t e c t  i n  
B e r l i n  ( 5 )  ( 1 9 ) .  The a ssu m p tio n s  made by Koenen were a s t r a i g h t
l i n e  d i s t r i b u t i o n  o f  c o n c r e te  s t r e s s  and a n e u t r a l  a x i s  a t  mid 
d e p th .  Thus f o r  a  r e in f o r c e m e n t  a r e a  As w i th  y i e l d  s t r e s s  fy  th e  
r e s i s t a n c e  moment o f  th e  s e c t i o n  can be e x p re s s e d  i n  th e  form
M = A sfy  0 .8 3  d . . .  2 ( i )  ■
where d i s  th e  e f f e c t i v e  d e p th  o f  th e  s e c t i o n .
I t  i s  i n t e r e s t i n g  to  n o t e  t h a t  t h i s  e x p r e s s io n  i s  
in d e p e n d e n t  of th e  m odular r a t i o  and r e l a t e s  to  th e  y i e l d  s t r e n g t h  
o f  th e  r e in f o r c e m e n t .  Thus fo rm u la  2 ( i )  i s  p o s s i b l y  th e  e a r l i e s t  
s ta t e m e n t  o f  th e  u l t i m a t e  s t r e n g t h  of a  r e i n f o r c e d  c o n c r e te  s e c t i o n .
I n  1894 Hennebique ad o p te d  a s e m i -e m p i r ic a l  fo rm u la  f o r  
u s e  w i th  h i s  p a t e n t e d  sy s tem  o f  r e i n f o r c e d  c o n c re te  c o n s t r u c t i o n  
w id e ly  used  on th e  c o n t i n e n t  and in t r o d u c e d  i n t o  B r i t a i n  by L.G. Mouchel 
i n  1897, a c t i n g  as  H ennebique*s a g e n t  ( 4 ) .
However, by  th e  t u r n  o f  th e  c e n tu r y ,  e l a s t i c  t h e o r y ,  
d ev e lo p ed  by C o ig n e t ,  Tedesco and C ons idé ré  (4) was w e l l  e s t a b l i s h e d  
and f o r  th e  f o l lo w in g  50 y e a r s  formed th e  b a s i s  o f  d e s ig n  s t a n d a r d s  
f o r  r e i n f o r c e d  c o n c r e te  s t r u c t u r e s  w i th  a few n o t a b l e  e x c e p t io n s .
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The o r i g i n  o f  p r o p o s a l s  f o r  d e p a r t i n g  from  a p u r e ly  e l a s t i c
d i s t r i b u t i o n  o f  moments i n  a c o n tin u o u s  r e i n f o r c e d  c o n c r e te  beam
sys tem  a p p e a r  to  d a te  from  a b o u t  1920 b u t  as e a r l y  as 1914 G. von
K azinczy  (14) s u g g e s te d  th e  developm ent o f  p l a s t i c  h in g e s  i n  c o n tin u o u s
s t e e l  s t r u c t u r e s  n e a r  u l t i m a t e  lo a d .  E x te n s iv e  t e s t s  on r e i n f o r c e d
c o n c r e t e  s l a b s  and beams were r e p o r t e d  by th e  'D e u t s c h e r  A usschaus
f l i r  E i s e n b e to n '  (German r e i n f o r c e d  c o n c re te  board )  be tw een 1915 and
1932. The work on s l a b s  l e d  to  th e  developm ent o f  th e  y i e l d  l i n e
th e o r y  p io n e e re d  by I n g e r s l e v  and Johansen  (15 , ( 1 6 ) .  I n g e r s l e v ' s
p a p e r  on th e  s t r e n g t h  o f  r e c t a n g u l a r  '  s l a b s  appeared  i n  th e  f i r s t
volume o f  th e  J o u r n a l  o f  th e  I n s t i t u t i o n  o f  S t r u c t u r a l  E ng ineers ,  i n
Ja n u a ry  1923. The te rm  F a c to r  o f  S a fe ty  = U l t im a te  Load/W orking Load
was in t r o d u c e d  and from  c o n s id e r a t i o n s  o f  e q u i l i b r i u m ,  t h e  c o l l a p s e
lo ad  o f  a sq u a re  s l a b  w i th  u n i fo rm ly  d i s t r i b u t e d  lo a d  was g iv en  as 
2W L /2 4 .  T h is  s o l u t i o n  can n o t  be o b ta in e d  from e l a s t i c  th e o r y  and was 
p o s s i b l y  th e  f i r s t  p r a c t i c a l  p r o p o s a l  f o r  member a n a l y s i s  on an 
i n e l a s t i c  b a s i s .
From t e s t s  on two f ix e d  ended beams c a r r i e d  o u t  i n  1920 
i t  was conc luded  t h a t  th e  b a s e  l i n e  f o r  th e  p o s i t i v e  and n e g a t iv e  
b e n d in g  moment d ia g ra m  co u ld  be a r b i t r a r i l y  chosen . In  1933 ,von 
K azinczy  a l s o  r e p o r t e d  some t e s t s  on moment r e d i s t r i b u t i o n  i n  
r e i n f o r c e d  c o n c re te  beams (1 7 ) ,  t h a t  i s  a d e p a r tu r e  from  th e  d i s t r i ­
b u t i o n  which would o c c u r  i n  a p u r e l y  e l a s t i c  sy s tem  and recommended 
t h a t  to  d e s ig n  a beam w i th  u n c e r t a i n  f i x i t y  i t  i s  on ly  n e c e s s a r y  t o  
assume an a r b i t r a r y  moment d iag ram  in  e q u i l i b r i u m  w i th  th e  e x t e r n a l  
l o a d s .  I t  i s  now p ro p o se d  t o  su rv e y  th e  developm ent o f  p l a s t i c  
t h e o r y  i n  g r e a t e r  d e t a i l  w i th  p a r t i c u l a r  r e f e r e n c e  to  i t s  i n c l u s i o n
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i n  d e s ig n  s t a n d a r d s ,  a g a in  u n d e r  th e  g e n e r a l  h e a d in g s  s e c t i o n  .and 
member a n a l y s i s .
2 .0 2  SECTION ANALYSIS
I n  1922 H. Kempton Dyson p u b l i s h e d  a s e r i e s  o f  p a p e rs  i n  
C onc re te  and C o n s t r u c t i o n a l  E n g in e e r in g  (11) in  w hich he p ro p o se d ^  
t h a t  w ork ing  s t r e s s e s  s h o u ld  be  r e p l a c e d  by w ork ing  lo a d s  d e te rm in e d  
by f a c t o r s  o f  s a f e t y  upon th e  u l t i m a t e  s t r e n g t h .  Fo r  f a i l u r e  i n  
f l e x u r e  due to  y i e l d  o f  th e  t e n s i o n  r e in f o rc e m e n t  an e l l i p t i c a l  
s t r e s s  d i s t r i b u t i o n  was s u g g e s te d  f o r  th e  com pression  z o n e .  U sing  
th e  o r i g i n a l  n o t a t i o n ,  se e  F ig .  2 . 1 ,  th e  t o t a l  co m p ress io n  i s  
g iv e n  by
C * -7 - b c n
AnThe l e v e r  arm a  = d -
4
3 t t
Thus r e s i s t a n c e  moment M = p t  | 1 -  0 .5 4  p - 2 ( i i )
The s t r e s s  d i s t r i b u t i o n  f o r  com pression  f a i l u r e  was a g a in  
assumed t o  be e l l i p t i c a l  b u t  e x te n d in g  t o  th e  l e v e l  o f  th e  t e n s i o n  
s t e e l .  These p r o p o s a l s  p rovoked  some i n t e r e s t i n g  d i s c u s s i o n  and i t  
was t h e  o p in io n  o f  Dr. O scar  F a b e r  t h a t  th e  a u t h o r ’ s r e a l  p o i n t s  
"would n o t  b e a r  d i s c u s s i o n  f o r  a moment". I n  t h e  p r e f a c e  to  t h e  1924 
e d i t i o n  o f  h i s  e x c e l l e n t  t e x tb o o k  on r e i n f o r c e d  c o n c r e te  d e s ig n  (18) 
G.P. Manning commented t h a t  th e  on ly  l o g i c a l  th e o r y  t o  ap p ly  to  a 
r e i n f o r c e d  c o n c r e te  d e s ig n  i s  t h a t  w hich i s  b a sed  on th e  c o n d i t i o n s  
w hich  e x i s t  i n  an a c t u a l  s t r u c t u r e  when i t  has j u s t  r e a c h e d  i t s  
u l t i m a t e  l o a d ,  and t h e r e  a re  v e ry  s t r o n g  i n d i c a t i o n s  t h a t  such  a
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ellipse
As
b dAs
T =  A s .t
F ig. 2 .1 Stress block Kempton Dyson (1922) original 
notation.
C =  I c .b .x
cubic parabola
As
T =  A sfs
Fig. 2 .2  Russian specification, section analysis for 
flexure (1938).
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t h a t  such  a t h e o r y  w i l l  be e v o lv e d  d u r in g  th e  n e x t  tw en ty  o r  t h i r t y  
y e a r s .
T h is  s ta t e m e n t  was to  a  l a r g e  e x t e n t  s u b s t a n t i a t e d  d u r in g  
th e  1930’ s .  Between 1930 and 1940 a number o f  t e s t s  were c a r r i e d  o u t  
i n  Europe and America w hich  l e d  t o  p r o p o s a l s  f o r  c a l c u l a t i n g  r e i n f o r c e d  
c o n c r e te  s e c t i o n s  i n  b e n d in g  w i th o u t  th e  use  of t h e  m odular  r a t i o .
These p r o p o s a l s  w ere  summarised by K. H a jn a l  Konyi i n  a s e r i e s  o f  
a r t i c l e s  w hich a p p e a re d  i n  C o n c re te  and C o n s t r u c t io n a l  E n g in e e r in g  
be tw een  J a n u a ry  and August o f  1937 (1 9 ) .  The u se  o f  a s i m p l i f i e d  
r e c t a n g u l a r  s t r e s s  b lo c k  a t  u l t i m a t e  c o n d i t io n s  had emerged f o r  
u n d e r - r e i n f o r c e d  s e c t i o n s  and some assumed s t r e s s  d i s t r i b u t i o n s  a r e  
g iv en  by Granholm (20) . D es ign  methods b a sed  on th e  h y p o th e s i s  t h a t  
r e i n f o r c e d  c o n c re te  s t r u c t u r e s  a r e  i d e a l l y  e l a s t i c  s t r u c t u r e s  
c h a r a c t e r i s e d  by a c o n s t a n t  r a t i o  o f  th e  m o d u l i i  o f  e l a s t i c i t y  o f  
s t e e l  and c o n c re te  were abandoned i n  th e  U .S .S .R .  i n  1938, see  
F ig .  2 . 2  P e rh ap s  t h e  m ost p r a c t i c a l  app roach  t o  s e c t i o n  a n a l y s i s  
d u r in g  t h i s  p e r i o d  was t h a t  p r e s e n t e d  by C h a r le s  S. W hitney i n  
1940 (2 1 ) ,  The i d e a l  s t r e s s / s t r a i n  cu rve  f o r  c o n c re te  was d e r iv e d
2from  c y l i n d e r  t e s t s  o f  c o n c r e te  w i th  a  s t r e n g t h  o f  a b o u t  4000 l b / i n  
2(28 ])ymm ) .  From assumed v a lu e s  o f  c o n c re te  a n d - s t e e l '  s t r a i n ,  se e  
F i g .  2 . 3  i t  i s  p o s s i b l e  to  compute th e  n e u t r a l  a x i s  d e p th .  I f  i t
i s  assumed t h a t  th e  s t r e s s  d i s t r i b u t i o n  i n  th e  c o n c r e te  a t  f a i l u r e  
has  th e  shape  o f  t h e  c y l i n d e r  s t r e s s / s t r a i n  c u rv e ,  th e n  th e  t o t a l  
com pression  i s  th e  a r e a  bounded by th e  c u rv e .
As a s i m p l i f i c a t i o n  W hitney p ro p o sed  t h a t  th e  a c t u a l  s t r e s s  
b lo c k  i s  r e p l a c e d  by a r e c t a n g u l a r  s t r e s s  b lo c k  w hich  has  an av e ra g e  
s t r e s s  i n t e n s i t y  o f  0 .8 5  f ’ c ,  see  F ig .  2 . 4 .  I t  sh o u ld  be n o te d  
t h a t  th e  d e p th  o f  t h e  s t r e s s  b lo c k  a does n o t  c o r re s p o n d  w i th  th e
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d e p th  to  t h e  n e u t r a l  a x i s  k  d and t h a t  i t  b e a r s  no r e l a t i o n  to  i t .  
The v a lu e  of k  d i s  d e te rm in e d  by th e  s t r a i n s  a t  th e  to p  and b o t to m  
o f  t h e  beam and a i s  d e te rm in e d  by th e  s t r e n g t h s  o f  t h e  m a t e r i a l s .  
C o n s id e r in g  th e  l o n g i t u d i n a l  e q u i l i b r i u m  o f  th e  s e c t i o n : -
0 .8 5  f&ba = As f s
Thus a  = As f s  
0 .8 5  b
p u t t i n g  p = As e m = f s
bd 0 .8 5  f i
th e n  a = Asm 
b
The l e v e r  arm o f  th e  r e i n f o r c e m e n t  i s  th e n
c = d -  a^
2
= d -  Asm 
2b
Thus r e s i s t a n c e  moment as  c o n t r o l l e d  by s t e e l  f a i l u r e  i s
M , = As f s  Fd -  As m
= p b d f  s 
= p b d^ f s
[ |2b J
d -  pbd m I
r  ' ' J 2 ( i i i )
Based on t e s t  r e s u l t s  W hitney su g g e s te d  a l i m i t i n g  v a lu e  o f
a = 0 .5 3 7 .  Over th e  p a s t  20 y e a r s  R u s s ia n  and Am erican b u i l d i n g  
%
s p e c i f i c a t i o n s  have a d o p te d  e x p r e s s io n s  f o r  th e  s t r e n g t h  o f  s i n g l y  
r e i n f o r c e d  s e c t i o n s  o f  s i m i l a r  fo rm a t  to  e q u a t io n  2 ( i i i )  w i th  
p r o v i s i o n  f o r  e n s u r in g  an u n d e r - r e i n f o r c e d  f a i l u r e  mode.
The r e c t a n g u l a r  s t r e s s  b lo c k  as i n d i c a t e d  p r e v i o u s l y  i s  a 
s i m p l i f i c a t i o n  o f  th e  g e n e r a l  form  o f  c o n c r e te  c o m p ress io n  s t r e s s
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f c =  40001bf/in^(28N/mm^)0.003
StressStrain
0.00133
Fig. 2. 3 Stress and strain distribution, C .S . Whitney (1940). 
fc =  cylinder strength.
kd
fc 0 .85  fcN-------------►
I
=  d -
F ig .2 .4  Equivalent rectangular”stress  block C.S.W hitney (1940),
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d i s t r i b u t i o n  shown i n  F i g .  2 .5  w h ere :~
= r a t i o  o f  a v e ra g e  s t r e s s  to  maximum s t r e s s  
k^ = r a t i o  o f  d e p th  o f  r e s u l t a n t  co m p ress iv e  f o r c e  to  d e p th  o f  
n e u t r a l  a x i s
kg = r a t i o  o f  maximum s t r e s s  to  6 x  12 i n .  (150 x  300 mm), c y l i n d e r  
s t r e n g t h  f ' c
P roposed  d e s ig n  v a lu e s  f o r  k ^ ,  k ^ ,  kg have b e e n  compared 
by M a tto c k ,  K r iz  and H ognestad  (22) and th e  e s s e n t i a l s  o f  e q u i v a l e n t
r e c t a n g u l a r  s t r e s s  d i s t r i b u t i o n  a r e  g iv e n  i n  F i g .  2 . 6 .
Thus C = k^ (kg f ' c  b c) = 0 ,8 5  f ' c  b a
where 0 ,8 5  — = k^  kg
and k„  c = a
2
These v a lu e s  have  been  a d op ted  i n  th e  Am erican C o n c re te  
I n s t i t u t e  B u i ld in g  Code ACI 318 and i t  i s  o f  i n t e r e s t  to  n o te  t h a t  
th e  u se  o f  a  r e c t a n g u l a r  c o n c r e te  s t r e s s  b lo c k  was f i r s t  p ro p o se d  by 
von Emperger (19) i n  1904.
2 .0 3  AMERICAN CONCRETE INSTITUTE, BUILDING CODE 318 -  56 ,  63 , 71
E q u a t io n s  f o r  u l t i m a t e  s t r e n g t h  d e s ig n  b a s e d  on a s i m p l i f i e d  
r e c t a n g u l a r  s t r e s s  b lo c k  were g iv e n  i n  an append ix  to  th e  1956 Code 
b u t  i n  1961 u l t i m a t e  s t r e n g t h  d e s ig n  became a  m ajo r  p a r t  o f  th e  Code 
a s  an  a l t e r n a t i v e  to  w ork ing  s t r e s s  d e s ig n .  I n  th e  1971 Code an even  
g r e a t e r  em phasis  i s  p l a c e d  on u l t i m a t e  s t r e n g t h  d e s ig n  and th e  
, r e l a t i o n s h i p  be tw een  c o n c r e te  c o m p re ss iv e  s t r e s s  d i s t r i b u t i o n  and th e  
c o n c r e te  s t r a i n  may be  assumed to  be a r e c t a n g l e ,  t r a p e z o i d ,  p a r a b o l a  
o r  any o t h e r  shape  w hich  r e s u l t s  i n  p r e d i c t i o n  o f  s t r e n g t h  i n  s u b s t a n t i a l
0 .8 5 fc
C =  0, 85fcba
Fig. 2 .6F ig .2 .5
0 ,8 5 fc0.003
Es
F ig. 2 ,7  Section analysis (flexure) ultimate strength design AC I Building 
Code (318-71).
38 'f.'
ag reem ent w i th  th e  r e s u l t s  o f  com prehensive  t e s t s .  Fo r  a
r e c t a n g u l a r  s t r e s s  d i s t r i b u t i o n  a c o n c re te  s t r e s s  o f  0 .8 5  f c  i s
assumed to  be u n i fo rm ly  d i s t r i b u t e d  o v e r  an e q u iv a l e n t  com press ion
zone bounded by th e  edges o f  th e  c r o s s  s e c t i o n  and a s t r a i g h t  l i n e
l o c a t e d  p a r a l l e l  to  th e  n e u t r a l  a x i s  a t  a  d i s t a n c e  a = C from  th e
f i b r e  o f  maximum c o m p re ss iv e  s t r a i n .  The f a c t o r  i s  ta k e n  as  0 .8 5
2 2f o r  s t r e n g t h s ,  f c  up to  4000 l b / i n  (28 N/mm ) and red u c e d  c o n t in u o u s ly  
a t  a  r a t e  o f  0 .0 5  f o r  e a ch  1000 I b / i n ^  (7 N/mm^) i n  e x c e s s  o f  4000 I b / i n ^  
(28 N/mm^).
In  o r d e r  to  e n s u re  f a i l u r e  i s  governed  by y i e l d  o f  th e  t e n s i o n  
r e in f o rc e m e n t  th e  r e in f o r c e m e n t  p e r c e n ta g e  p sh o u ld  n o t  exceed  75 
p e r c e n t  o f  Pb th e  v a lu e  a t  b a la n c e d  c o n d i t i o n s .  The v a lu e  o f  P^ can
be  d e r iv e d  by r e f e r e n c e  to  F ig .  2 . 7 .
c = d 0 .0 0 3
0 .0 0 3  + fy
Es
i f  Es = 29 .10^  I b / i n ^
c -  d 87000
87000 + f y
T = Pb b d fy
C = b c 0 .85
T = C
th u s  P b = 1 b B
bd f y
= 0 .8 5  f ’ c
fy
I 8700 + fy  
8700 + f y j
87000 . . .  2 ( iv )
I f  n e g a t i v e  moments a r e  r e d i s t r i b u t e d  i n  d e s ig n  th e  v a lu e  of 
p i s  f u r t h e r  red u c e d  to  0 .5  Pb. From c o n s id e r a t i o n s  o f  l o n g i t u d i n a l  
e q u i l i b r i u m  see  F ig .  2 . 7 .
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C = 0 .8 5  f c  cb = T = As fy
B -c  = As fy  = a
0 .8 5  f^cb
\ l t  “ (d -  Ji)
2
= As fy  d Fi - 2 As £y 1I 2 0 .8 5  f  cbdj
[ ‘ - A p ^ c]= As fy  d
= As fy  d (1 -  0 .5 9 q )  . . .  2 (v)
where q « p fy  
fTc
“ u l t = b d ^ f ’ cq (1 -  0 .5 9 q )  . . .  2 ( v i )
I n  a c c o rd a n c e  w i th  AC1318-71 a  c a p a c i ty  r e d u c t i o n  f a c t o r  0 
. -  0 .9  i s  a s s ig n e d  to  e q u a t io n s  2 ( v )  and ( v i )  and i t  s h o u ld  be n o te d  
t h a t  t h e s e  e x p r e s s io n s  t a k e  t h e  same form  as th o se  d e r iv e d  by W hitney. 
The c o e f f i c i e n t  0 p r o v id e s  f o r  th e  p o s s i b i l i t y  t h a t  s m a l l  a d v e rs e  
a l t e r a t i o n s  i n  m a t e r i a l  s t r e n g t h s ,  workmanship and d im ens ions  w h i le  
i n d i v i d u a l l y  w i t h i n  a c c e p t a b l e  t o l e r a n c e s  and l i m i t s  o f  good p r a c t i c e ,  
may combine to  r e s u l t  i n  u n d e r c a p a c i t y .
A s i m i l a r  a p p ro ach  to  th e  above i s  ad o p te d  f o r  beams w i th  
co m press ion  r e i n f o r c e m e n t  and T-beams f o r  which b a la n c e d  r e in f o r c e m e n t  
r a t i o s  can  be o b t a i n e d  ( 23 ) .
2 .0 4  BRITISH STANDARD CODE OF PRACTICE FOR REINFORCED CONCRETE CP114:1957
I n  th e  1957 B r i t i s h  Code th e  lo a d  f a c t o r  app roach  to  s e c t i o n  
a n a l y s i s  f o r  f l e x u r e  was i n t r o d u c e d  . A s i m p l i f i e d  r e c t a n g u l a r
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s t r e s s  b lo c k  was adop ted  w i th  an average  s t r e s s  o f  2 /3  Uw, where Uw 
r e p r e s e n t s  th e  works cube s t r e n g t h .  I n  o rd e r  to  i n c r e a s e  th e  lo a d
f a c t o r  a g a i n s t  f a i l u r e  o f  th e  c o n c r e te  th e  s t r e n g t h  o f  th e  c o n c re te
was re d u c e d  by a f u r t h e r  2 /3  t o  g iv e  an average  v a lu e  o f
2 /3  X 2 /3  Uw *= 4 /9  Uw 
f o r  d e s ig n e d  mixes (2 /5  Uw f o r  nom ina l m ix e s ) ,  se e  F ig .  2 .8 .
Thus f o r  l o n g i t u d i n a l  e q u i l i b r i u m  
C = T
4As fy  = ^  Uw b X
9 As fy  
^  4 U w b
“ u l t  = As fy  (d  -  Tg)
. ^ J n  9 As fy  l"l• -  As fy  d n  -  4  z j
"  As fy  d | l  -  1 .1  p ................2 ( v i i )
o r  WyZt ™ pbd^ fy  -  1 .1  p  2 ( y i i i )
E q u a t io n s  2 ( v i i )  and ( v i i i )  a re  o f  s i m i l a r  fo rm at  to  th o s e  
g iv e n  i n  th e  ACI Code b u t  i n  CP114 th ey  a re  d i s g u i s e d  i n  term s o f  
w ork ing  s t r e s s e s  ( 1 2 ) .  I n  o r d e r  t o  e n s u re  an u n d e r - r e i n f o r c e d  
s e c t i o n  th e  maximum v a lu e  o f  x i s  l i m i t e d  to  0 .5  d.''"
2 .0 5  COMITE EUROPEEN DU BETON (CEE)
■' INTERNATIONAL RECOMMENDATIONS FOR DESIGN AND CONSTRUCTION OF CONCRETE 
STRUCTURES (1970) " ;  '
The 1970 CEE recom m endations  a re  based  on th e  co n cep t  o f  
m u l t i p l e  liro .it  s t a t e s  and f o r  t h e  u l t i m a t e  l i m i t  s t a t e  s e c t i o n  a n a l y s i s
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• ô* Uw =  -Q Uw
As
T =  As fy
F ig . 2 .8  CP114:1957 equivalent rectangular stress  block, x ]jt> 0. 5 d.
0 .85  Rbk/yb
" Strain0.002 0.0035
e'b
e%) =  0 .0035p .85 Rbk/yb
0 . 8x
F ig . 2..9 CEB/FIP recommendations 
1970 - rectangular/parabola  
stress-stra in  design curve.
F ig. 2.10 CEB/FIP
recommendations 1970 
“ rectangular stress  
block.
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f o r  f l e x u r e  may be  b a s e d  on: ■
(a )  a  r e c t a n g u l a r  p a r a b o l a  c u rv e ,  s e e  F ig ,  2 . 9 ,  w i th  a
maximum o r d i n a t e  o f  0 .8 5  R ' b k / y ^ where R 'bk  i s  th e  c h a r a c t e r i s t i c  
c y l i n d e r  s t r e n g t h  and Y^ i s  a  p a r t i a l  s a f e t y  f a c t o r  f o r  m a t e r i a l s ,
(b) an  e q u i v a l e n t  s i m p l i f i e d  c u rv e  o f  r e c t a n g u l a r  fo rm  w i th  a d e p th  
e q u a l  to  0 ,8 x ,  s e e  F ig ,  2 ,1 0  and  a  w id th  e q u a l  to  0 .8 5  R 'b k / y ^ *
(c)  any o t h e r  d e s ig n  c u rv e  p r o v id i n g  th e  r e s u l t s  th u s  o b t a in e d  a g re e  
i n  a  s a t i s f a c t o r y  manner w i th  th o s e  g iv e n  by th e  c u rv e  d e s c r i b e d  i n  (a )
A l i m i t i n g  v a lu e  o f  x  i s  n o t  s t a t e d  b u t  o n ly  im p l ie d  i n  th e  
c l a u s e s  r e l a t i n g  to  non l i n e a r  s e c t i o n  a n a l y s i s  ( se e  s e c t i o n  2 ,1 2 ) ,
2 .06  BRITISH STANDARD CODE OF PRACTICE FOR THE STRUCTURAL USE OF CONCRETE,
, CPllO: PART 1: NOVEMBER .1972
The p h i lo s o p h y  o f  t h i s  code i s  s i m i l a r  to  t h a t  o f  th e  CEB 
recom m endations and f o r  s e c t i o n  a n a l y s i s  i n  f l e x u r e  a t  th e  u l t i m a t e  
l i m i t  s t a t e  th e  f o l l o w in g  p ro c e d u re s  may be a d o p te d :
(a )  F o r  c o n c r e te  a  r e c t a n g u l a r  p a r a b o l a  b a s e d ,  s e e  F ig ,  2 .1 1  w i th  
a  maximum o r d i n a t e  o f  0 ,6 7  f e u /  y ni w here f e u  i s  th e  c h a r a c t e r i s t i c  
cube s t r e n g t h ,  y m -  1 ,5  i s  th e  p a r t i a l  s a f e t y  f a c t o r  f o r  m a t e r i a l s .  
The s t r e s s e s  i n  th e  r e in f o r c e m e n t  a r e  d e r iv e d  from  th e  s t r e s s - s t r a i n  
c u rv e s  sho^fn i n  F i g .  2 ,1 2  w i th  y m ■ 1 ,15
(b) D es ign  c h a r t s ,  g iv e n  i n  P a r t s  2 & 3 o f  th e  Code b a s e d  on (a)
(c)  A r e c t a n g u l a r  s t r e s s  b lo c k  w i t h  a co m p ress iv e  s t r e s s  o f  0 ,4  f e u ,  
' s e e  F ig .  2 ,13  w hich  g i v e s : -
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0. 67 feu/ym
■feu
.ÿm_
 ^
0.0035 - Strain4000
Fig. 2.11 CP110:1972 parabolic rectangular design
s tr e s s -strain  curve for concrete, ultimate 
lim it state.
fy/ym
200 KN/mm
Strain0.002
Fig. 2 .12 CP110:1972 design stress-stra in  curve for 
a ll non-prestressed steels, ultimate lim it 
state.
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= 0 .8 7  fy  As z
where Z = d -  2^
= d j l  -  As (0 .87  f y ) l  L b d 0 . 8  f e u  J
o r
= . dF  1 -  1 .1  fy  As 1 . . .  2 ( ix )
L f e u  bd J
= pbd^ fy  1^ 1 -  1 .1  As f y l  . . .  2 (x)
f e u  bd ^
The maximum v a lu e  o f  x i s  l i m i t e d  to  0 .5  d and w i th  x 
p u t  e q u a l  to  0 .5  d ,
= 0 .1 5  f e u  bd^ . . .  2 ( x i )
E q u a t io n  2 ( x i  ) c a n n o t  be used  i f  th e  r e d i s t r i b u t i o n  o f  
e l a s t i c  u l t i m a t e  moments i s  i n  e x c es s  o f  10 p e r c e n t ,  se e  s e c t i o n  2 .3  
C are  must be e x e r c i s e d  i n  making a d i r e c t  com parison  betw een  code 
fo rm u lae  as  d i f f e r i n g  p a r t i a l  s a f e t y  f a c t o r s  a r e  u sed  f o r  m a t e r i a l s  
and lo a d in g  b u t  i t  would be  r e a s o n a b le  to  assume t h a t  th e  o v e r a l l  o r  
g l o b a l  lo a d  f a c t o r s  w i l l  be  c o n s i s t e n t .  The a u th o r  has  made a 
com parison  o f  code e q u a t io n s  e ls e w h e re  ( 24 ) and th e  r e s u l t s  a r e  
r e a s o n a b ly  c o n s i s t e n t .  Of p a r t i c u l a r  r e l e v a n c e  to  th e  o b j e c t i v e  o f  
t h i s  d i s s e r t a t i o n  i s  th e  d u c t i l i t y  o f  th e  s e c t i o n .  T h is  i s  a c h ie v e d  
by l i m i t i n g  th e  d e p th  o f  th e  n e u t r a l  a x i s  and th u s  th e  r e in f o rc e m e n t  
p e r c e n ta g e .  U sing  t y p i c a l  d e s ig n  f i g u r e s  th e  l i m i t i n g  p e rc e n ta g e s  
f o r  CP 110 and th e  ACI code a r e  g iv e n  b e lo w :-
f e u  = 30 Wnim^
( f ' c  say  0 .7 5  f e u  = 22 .5  N/mra^) 
fy  = 420 N/mm^ '
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A cco rd in g  to  CPllO max = 0 .2  f e u  ( r e c t a n g u l a r  s t r e s s  b lo c k )
0 .8 7  fy
= 0 .0 1 6  (1.6%)
A cco rd ing  to  ACI 318 -  71 , 0 .7 5  pb = 0 .7 5  ^1 0 .8 5 f * c  87000fy  87000+fy ( im P e r ia l  u n i t s )
= 0 .017  (1.7%)
These v a lu e s  a r e  s i m i l a r  b u t  i t  sh o u ld  be n o te d  t h a t  f u r t h e r  
r e d u c t io n s  i n  th e  r e i n f o r c e m e n t  p e r c e n ta g e  a r e  s p e c i f i e d  i n  b o th  codes 
depend ing  on th e  p e r c e n ta g e  o f  r e d i s t r i b u t i o n  ad o p te d  ( se e  s e c t i o n  2 .0 )
2 .0 7  MEMBER ANALYSIS
I t  was i n d i c a t e d  i n  s e c t i o n  2 .01  t h a t  be tw een  1915 and 1930 
e x p e r im e n ta l  work had  been  c o n d u c te d  to  d e m o n s t ra te  th e  i n e l a s t i c  
b e h a v io u r  o f  r e i n f o r c e d  c o n c r e te  members a t  u l t i m a t e  l o a d .  In  1933,
G. von K az inczy , who o r i g i n a l l y  c o n c e iv e d  th e  deve lopm ent o f  p l a s t i c  
h in g e s  i n  s t r u c t u r a l  s t e e l  i n  1914, c a r r i e d  o u t  an  e x t e n s i v e  s e r i e s  
o f  t e s t s  d e m o n s t r a t in g  moment r e d i s t r i b u t i o n  in  r e i n f o r c e d  c o n c re te  
c o n t in u o u s  beams ( 1 7 ) .  F o r  v a r y in g  p e r c e n ta g e s  o f  r e in f o r c e m e n t  
he found t h a t  a l l  beams f a i l e d  when b o th  th e  s u p p o r t  and span  s e c t i o n s  
r e a c h e d  t h e i r  maximum moment c a p a c i t y  as e v a lu a t e d  by th e  u l t i m a t e  
s t r e n g t h  th e o r y  o f  t h a t  p e r i o d .
I n  1935 G l a n v i l l e  & Thomas ( 2 5 )  t e s t e d  a  number o f  two 
span  c o n t in u o u s  beams i n  w hich r e d i s t r i b u t i o n  was o b s e rv e d  as  th e  
r e s u l t  o f  i n e l a s t i c  d e fo r m a t io n  o f  th e  c o n c re te  o r  s t e e l .  They 
commented t h a t  i n  e a r l i e r  t e s t s  th e  p e rc e n ta g e  o f  r e in f o r c e m e n t  
was such  t h a t  r e d i s t r i b u t i o n  c o u ld  be e x p e c te d  b e c a u se  o f  th e  l a r g e  
i n e l a s t i c  d e fo r m a t io n  o f  th e  s t e e l  a t  y i e l d ,  b u t  t h a t  th e  e x t e n t  to
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w hich  i t  co u ld  be r e l i e d  upon w i th o u t  c a u s in g  c o n c r e te  f a i l u r e  i s  
unknown.
The work done unde r  A .L .L . Baker a t  I m p e r ia l  C o l l e g e ,  London, 
from  th e  l a t e  1 9 4 0 's onwards took  th e  developm ent o f  an  i n e l a s t i c  
ap p ro ach  to  member a n a l y s i s  beyond th e  q u a l i t a t i v e  s t a g e .  The r e s e a r c h  
a t  Im p e r ia l  C o l le g e  i n d i c a t e d  t h a t  r e i n f o r c e d  c o n c r e te  was n o t  too  
b r i t t l e  f o r  p l a s t i c  a n a l y s i s  and i n  1956 A .L .L . B a k e r 's  book was 
p u b l i s h e d  ( 2 6 )  g iv in g  recom m endations f o r  th e  u l t i m a t e  lo a d  d e s ig n  
o f  r e i n f o r c e d  and p r e s t r e s s e d  c o n c r e te  f ra m es .  The th e o r y  o f  p l a s t i c  
h in g e s  i s  u sed  f o r  member a n a l y s i s  and th e  b a s i c  a ssu m p tio n s  a r e  g iv e n  
b e lo w :-
(a)  A s t r u c t u r e  n t im es  s t a t i c a l l y  d e te r m in a te  would d e v e lo p  n p l a s t i c  
h in g e s  unde r  i n c r e a s i n g  lo a d  p r i o r  to  f a i l u r e ,  and th e  p l a s t i c  y i e l d
i s  c o n c e n t r a t e d  a t  a  h in g e  so t h a t  th e  members be tw een  h in g e s  rem ain  
e l a s t i c .
(b) The s t r u c t u r e  w i l l  th e n  be s t a t i c a l l y  d e te r m in a te  and th e  moments 
a t  th e  p l a s t i c  h in g e s  a r e  c o n s id e r e d  to  rem ain  c o n s t a n t .  The fo l lo w in g  
e q u a t io n s  can  now be s e t  u p : -  .
^ o l  + ^11 + +   Xn = -  0
*^o2 * ^12 * %2 ^12 +   Xn d„ . = -  6
I n  1
2ii "  ”  ®2
^on * ^1 ^ I n  * ^2n +   Xn d = -  8nn n
. . .  2 ( x i i )
From e q u a t io n s  2 ( x i i )  th e  p l a s t i c  h in g e  r o t a t i o n s  0 ^ ,  ^2 *' * 
0^ a t  h in g e s  1, 2 . . .  n  can  be o b ta in e d  d i r e c t l y  as each  e q u a t io n  has  
one unknown, th e  h in g e  r o t a t i o n  0 .  d^^ , d^^ • • •  a r e  th e  i n f l u e n c e
c o e f f i c i e n t s  f o r  h in g e  r o t a t i o n s  o f  th e  sys tem  when u n i t  moment i s  
a p p l i e d  a t  h in g e s  1 , 2 . . .  n  and d ^ ^ ,  d^^ . . .  d^^ a r e  th e  r o t a t i o n s  
a t  h in g e s  1 ,  2 . . .  n  due to  e x t e r n a l  lo a d .
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With th e  developm ent o f  n  p l a s t i c  h in g es  th e  s t r u c t u r e  
becomes s t a t i c a l l y  d e te r m in a te  and i f  th e  lo a d  i s  f u r t h e r  i n c r e a s e d  
an  a d d i t i o n a l  h in g e  o r  h in g e s  w i l l  form a t  th e  most h i g h ly  s t r e s s e d  
s e c t i o n s  be tw een  th e  f i r s t  n  h in g e s  and t r a n s fo r m  th e  s t r u c t u r e  i n t o  
a  mechanism, see  F ig .  2 .1 4 .
The above p ro c e d u re  i s  e n t i r e l y  dependen t on th e  r o t a t i o n  
c a p a c i ty  o f  th e  r e i n f o r c e d  c o n c r e te  s e c t i o n s  a t  t h e  h in g e s  and 
Baker d e r iv e d  e x p r e s s io n s  f o r  s a f e  l i m i t i n g  v a lu e s  o f  0 . Thus th e  
method r e q u i r e s  a  check  t h a t  th e  p e r m i s s i b l e  h in g e  r o t a t i o n  i s  i n  
e x c e s s  o f  t h e  a c t u a l  v a lu e .  A .L .L . B a k e r 's  o t h e r  e x p e r im e n ta l  work 
w i l l  be  examined i n  g r e a t e r  d e t a i l  i n  C hap te r  4.
I n  1958, th e  I n s t i t u t i o n  o f  C i v i l  E n g in e e rs  a p p o in te d  a 
Committee to  re v ie w  e x i s t i n g  knowledge i n  r e g a r d  to  l i m i t  d e s ig n  o f  
r e i n f o r c e d  c o n c re te  w i th  s p e c i a l  r e f e r e n c e  to  fundam en ta l  th e o r y ,  
a p p l i c a t i o n  i n  d e s ig n ,  p r e s e n t  codes o f  p r a c t i c e  and a l s o  to  make 
recom m endations f o r  f u t u r e  r e s e a r c h .
The f i n d i n g s  o f  t h i s  Com m ittee, which worked i n  c lo s e  
l i a i s o n  w i th  th e  European  C o n c re te  Committee (CEB) were p u b l i s h e d  
i n  1962 ( 2 7 ) .  Recommendations f o r  th e  c a l c u l a t i o n  o f  p e r m i s s i b l e  
and a c t u a l  h in g e  r o t a t i o n s  were g iv e n  b u t  th e  p ro c e d u re  was th e  
s u b j e c t  o f  c o n s id e r a b l e  c r i t i c i s m  w i th  r e g a r d  to  i t s  s u i t a b i l i t y  as 
a  d e s ig n  o f f i c e  p r o c e d u r e .  The a u th o r  a p p l i e d  th e  method to  an 
a c t u a l  p r o j e c t  (C h .5) as a  t e s t  c a se  f o r  th e  g e n e ra l  a p p l i c a t i o n  o f  
th e  th e o ry  o f  p l a s t i c  h in g e s  in- th e  d e s ig n  o f f i c e .  I t  was found t h a t  
t h e  e x p re s s io n s  g iv e n  i n  th e  ICE r e p o r t  were somewhat t e d io u s  to  ap p ly  
and in v o lv e d  a l a r g e  number o f  a s su m p t io n s .  Those e x p r e s s io n s  have 
s u b s e q u e n t ly  been  m o d if ie d  to  t a k e  a c c o u n t  o f  th e  b e n d in g  e f f e c t  o f  
l i n k s  which a l lo w s  th e  l i m i t i n g  c o n c re te  s t r a i n  to  s i g n i f i c a n t l y
48 ^
0 .4  feu
As
As fy/ym
Z =
F ig, 2 .13 CP110:1972 Rectangular stress  block with average str ess
of 0 ,4  feu, X 5^  0. 5 d.
(a) A \  - v K
(b)
F ig, 2 ,14  (a) n plastic hinges
(b) n + 1 hinges-m echanism
7 \
Fig, 2,15 Internal span of a se r ie s  of continuous beam s.
a
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exceed  th e  commonly a c c e p te d  unbound v a lu e  o f  0 .0 0 3 .  E x p e r im en ta l  
work r e l a t i n g  to  h in g e  r o t a t i o n  c a p a c i ty  and moment r e d i s t r i b u t i o n  
w i l l  be examined i n  g r e a t e r  d e t a i l  i n  C hap te r  4.
The s i t u a t i o n  w i th  r e g a r d  to  codes o f  p r a c t i c e  v a r i e s  from  
p e r m i t t i n g  a f u l l  p l a s t i c  a n a l y s i s  t o  a l i m i t e d  amount o f  moment 
r e d i s t r i b u t i o n .  Some recom m endations a r e  l i s t e d  be low . In  a l l  c a se s  
r e s t r i c t i o n s  a r e  p l a c e d  on th e  r e in f o rc e m e n t  p e rc e n ta g e  to  e n s u re  
a d e q u a te  p l a s t i c i t y .
2 .0 8  DENMARK 1949 ("B eton  . -  og j e r n b e t o n k o n s t r u c t i o n e r "  Copenhagen, T ekn isk  
F o r la g  1949)
Where f o r c e s  and b e n d in g  moments a t  any s e c t i o n  c a n n o t  be 
d e te rm in e d  from s t a t i c  e q u i l i b r i u m  re q u i re m e n ts  a lo n e ,  th e  f o l lo w in g  
methods may be a p p l i e d
(a)  E l a s t i c  th e o r y ,  w i th  th e  u s u a l  a p p ro x im a t io n s .  I n  d e te rm in in g  
th e  moment o f  i n e r t i a  o f  th e  s e c t i o n s ,  th e  t e n s i l e  s t r e s s  zone s h o u ld  
be ta k e n  i n t o  a c c o u n t  and , when i t  i s  d e s i r a b l e  to  in c lu d e  th e  
r e in f o r c e m e n t ,  a e  sh o u ld  be t a k e n  as  eq u a l  to  10. V a r i a t i o n s  o f  th e  
c r o s s - s e c t i o n  s h o u ld  be t a k e n  i n t o  a c co u n t  when th e y  a re  r e a l l y  
s i g n i f i c a n t .
(b) P l a s t i c  t h e o r y ,  th e  m agn itudes  o f  th e  f o r c e s  and b e nd ing  moments 
a t  any s e c t i o n  b e in g  d e te rm in e d  by means o f  th e  p l a s t i c  p r o p e r t i e s
o f  th e  m a t e r i a l .  I t  w i l l  be s u f f i c i e n t  i f  th e  f o r c e s  and b e n d in g  
moments a r e  chosen  i n  such  a way t h a t  th e  n u m e r ic a l ly  h i g h e s t  s t r e s s e s  
. i n  th e  s t r u c t u r é  n e v e r  f a l l  below a t h i r d  o f  th o se  r e s u l t i n g  from  th e  
e l a s t i c  t h e o r y ,  o r  i f  by some o t h e r  means i t  i s  p o s s i b l e  to  show from  
th e  p l a s t i c  p r o p e r t i e s  o f  th e  m a t e r i a l s ,  t h a t  th e  f o r c e s  and b e n d in g  
moments w hich a r e  assumed as o c c u r r in g  s im u l ta n e o u s ly ,  can r e a l l y  
o c c u r  s im u l ta n e o u s ly  and w i th  th e  c a l c u l a t e d  m a g n i tu d e s .
  o  . . ■
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2 .09  RUSSIAN RECOMMENDATIONS ( c i r c a  1955)
The fo l lo w in g  b e nd ing  moment c o e f f i c i e n t s  a re  g iv en  f o r
c o n tin u o u s  beams ( 2 7  )
2(a)  W^L i n t e r m e d ia t e  span  and s u p p o r t  moments
I T "
2(b) . W^ L end span  & p e n u l t im a te  s u p p o r t  moments
— —
where i s  th e  t o t a l  u n i fo rm ly  d i s t r i b u t e d  dead p lu s  imposed lo a d .
2The c o e f f i c i e n t  W^ L /16  i s  th e  r e s u l t  o b ta in e d  f o r  a p l a s t i c
a n a l y s i s  o f  a f ix e d  ended beam o r  i n t e r n a l  span o f  a s e r i e s  o f
c o n tin u o u s  beams w i th  th e  r e s i s t a n c e  moments a t  th e  s u p p o r t  and span
s e c t i o n s  b e in g  e q u a l ,  see  F ig .  2 , 1 5 ,  I t  was d e m o n s t ra te d  i n
C hap te r  1 t h a t  f o r  an end span o f  a c o n tin u o u s  beam ( se e  F ig .  1 ,10)
2th e  s u p p o r t  and span  moments f o r  e q u a l  r e s i s t a n c e  moments a r e  W^L / I I , 65. 
Thus th e  above recom m endations r e p r e s e n t ,  v e ry  c l o s e l y ,  a  f u l l y  p l a s t i c  
member a n a l y s i s .
For o t h e r  c o n t in u o u s  beams i t  i s  recommended t h a t  d e s ig n  
moments be assumed w hich a re  n o t  l e s s  th a n  70 p e r c e n t  o f  th e  moments 
a t  th e  same s e c t i o n s  c a l c u l a t e d  by th e  e l a s t i c  th e o r y .  S e c t io n  
a n a l y s i s  sh o u ld  be such t h a t  th e  r e in f o rc e m e n t  p e rc e n ta g e  g iv e s  th e  
r a t i o  o f  n e u t r a l  a x i s  d e p th  to  e f f e c t i v e  d e p th  l e s s  th a n  o r  e q u a l  to  
0 .3  (x 0 .3 d ) .
2 .10  CP 114 (1957)
The 1957 B r i t i s h  Code s t a t e s  t h a t  b end ing  moments i n  beams 
sh o u ld  be  c a l c u l a t e d  f o r  th e  e f f e c t i v e  span  and a l l  load ing  th e r e o n .
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The b en d in g  moments to  be p ro v id e d  f o r  a t  a c r o s s - s e c t i o n  o f  a , c o n t in u o u s  
I beam sh o u ld  be th e  maximum p o s i t i v e  and n e g a t iv e  moments a t  such  c r o s s - , 
s e c t i o n s ,  a l lo w in g  i n  b o th  c a s e s  i f  so d e s i r e d ,  f o r  th e  red u c e d  moments 
due to  th e  w id th s  of th e  s u p p o r t s ,  f o r  th e  fo l lo w in g  a r ra n g e m e n ts  o f  
superim posed  l o a d i n g s : -
(1) a l t e r n a t e  spans  lo ad e d  and a l l  o th e r  spans un loaded
(2) any two a d j a c e n t  spans  lo ad ed  and a l l  o t h e r  spans
u n lo a d e d .
The n e g a t i v e  moments f o r  any assumed a rrangem en t o f  l o a d in g  may each
be i n c r e a s e d  o r  d e c re a s e d  by  n o t  more th a n  IS p e r c e n t  p r o v id in g  th e s e
m o d if ie d  n e g a t i v e  moments a r e  used  f o r  th e  c a l c u l a t i o n  o f  th e  c o r r e s p o n d in g  
moments i n  th e  s p a n s .
2 .11  ACI BUILDING CODE (ACI 318 -  63 , 71)
The 1963 Code p e r m i t t e d  a 10 p e r c e n t  a d ju s tm e n t  o f  th e  n e g a t i v e
moments a t  th e  s u p p o r t s  o f  f l e x u r a l  members. In  th e  1971 Code th e  
n e g a t i v e  moments c a l c u l a t e d  by e l a s t i c  th e o ry  a t  th e  s u p p o r t s  o f  
c o n t in u o u s  f l e x u r a l  members f o r  any assumed lo a d in g  a rran g em en t may be 
i n c r e a s e d  o r  d e c re a s e d  by n o t  more th an
120 1 -  p -p
Pb
p e r c e n t
These m o d if ie d  n e g a t i v e  moments a r e  used  f o r  c a l c u l a t i o n s  <
o f  th e  moments a t  s e c t i o n s  w i t h i n  th e  sp a n s .  Such an a d ju s tm e n t  s h a l l  be ' •' 
made on ly  when th e  s e c t i o n ,  a t  w hich  th e  moment i s  r e d u c e d ,  i s  so ’
- . i-d e s ig n e d  t h a t  p o r  p -p  i s  e q u a l  o r  l e s s  th a n  0 .5  p^ where ,
Pb = 0 .8 5  f* c
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87000
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The above e x p r e s s io n  f o r  th e  r e in f o rc e m e n t  r a t i o  p^ a t  
b a la n c e d  c o n d i t io n s  has  been  d e r iv e d  p r e v i o u s ly  ( s e c t i o n  2 . 0 3  ) ,  p 
r e p r e s e n t s  th e  r e in f o r c e m e n t  r a t i o  f o r  th e  t e n s i o n  s t e e l  and p^ t h a t  
f o r  com press ion  s t e e l .
. The a l lo w a b le  r e d i s t r i b u t i o n  i n  acco rdance  w i th  th e  above 
i s  i n d i c a t e d  on F i g .  2 . 1 6 .  Thus f o r  20 p e r c e n t  r e d i s t r i b u t i o n
i t  would a p p e ar  t h a t  p = p^ = 0 .5  p^*
2 .12  CEB INTERNATIONAL RECOMMENDATIONS 1970
C a l c u l a t i o n s  c o v e r in g  th e  most u n fa v o u ra b le  c o n d i t io n s  
f o r e s e e n  f o r  th e  s t r u c t u r e  may be c a r r i e d  o u t  by u s in g  non l i n e a r  th e o r y  
( g e n e r a l  e q u a t io n s  o f  e q u i l i b r i u m  and s t r a i n  c o m p a t i b i l i t y ,  o r  
e q u iv a l e n t  m ethods) p ro v id e d  th e  n e c e s s a r y  r e l a t i o n s h i p s  betw een 
moment and c u r v a t u r e  o r  moment and n o t a t i o n  and v a lu e s  o f  l i m i t i n g  
n o t a t i o n s  o b t a in e d  from e x p e r im e n ts  conducted  unde r  c o n d i t io n s  com parable  
to  th o se  of th e  p ro p o sed  s t r u c t u r e  a re  a v a i l a b l e .  R e fe re n c e  i s  made 
to  s i m p l i f i e d  methods b e in g  s t u d i e d  f o r  th e  c a se  o f  r e d u n d a n t  
s t r u c t u r e s  and i t  i s  s t a t e d  t h a t  s in c e  th e  a p p l i c a t i o n  of t h e s e
m ethods i s  n o t  y e t  p r o p e r l y  e s t a b l i s h e d  f o r  a l l  c a s e s ,  i t  i s  s u f f i c i e n t
f o r  th e  t im e - b e in g  to  m a in ta in  e l a s t i c  v a lu e s  o f  th e  moments. I n  
b u i l d i n g  fram es i n  r e i n f o r c e d  c o n c r e te  i t  can be assum ed, w i th o u t  
■ c h eck ing  th e  c o m p a t i b i l i t y  o f  th e  d e fo rm a t io n ,  t h a t  t h e r e  i s  a 
 ^ r e d i s t r i b u t i o n  o f  th e  moments as c a l c u l a t e d  e l a s t i c a l l y :  th e  maximum 
moments i n  c e r t a i n  s e c t i o n s  may be s u b je c t  to  a maximum r e d u c t io n  o f  
* 15 p e r c e n t ,  p r o v id in g  t h q t  th e  moments i n  th e  o t h e r  p a r t s  o f  th e  frame
a r e  i n c r e a s e d  i n  such  a way as to  r e s t o r e  e q u i l i b r i u m .
A lthough  th e  above r e f e r s  to  th e  g e n e r a l  u se  o f  a b u i l d i n g  
, frame i t  i s  r e a s o n a b le  to  assume a s i m i l a r  app roach  may be u sed  f o r
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c o n t in u o u s  beams.
2 .1 3  CP 110: PART 1: 1972
The maximum moments and s h e a r  f o r c e s  a t  any s e c t i o n  i n  a 
c o n t in u o u s  beam may be o b ta in e d  from  an e l a s t i c  a n a l y s i s  c o n s id e r in g  
th e  fo l lo w in g  a r ra n g e m e n ts  o f  l o a d : -
(1) a l t e r n a t e  spans lo ad e d  w i th  t o t a l  u l t i m a t e  lo a d  ( 1 .4  Gk + 1 ,6  Qk) 
and a l l  o th e r  spans lo ad e d  w i th  minimum dead lo ad  ( l .O G k);
(2) any two a d j a c e n t  spans  loaded  w i th  t o t a l  u l t i m a t e  lo ad
(1 .4  Gk + 1 .6  Qk) and a l l  o t h e r  spans  loaded  w i th  minimum dead lo a d  
( l .O G k).
R e d i s t r i b u t i o n  o f  moments o b ta in e d  by th e  method d e s c r ib e d  
above may be c a r r i e d  o u t  i n  a c co rd a n ce  w i th  th e  f o l lo w in g  p ro c e d u re
(1) E q u i l ib r iu m  betw een th e  i n t e r n a l  f o r c e s  and e x t e r n a l  lo a d s  must 
be  m a in ta in e d  under  each  a p p r o p r i a t e  com bina tion  of  u l t i m a t e  l o a d s ;
(2) The u l t i m a t e  r e s i s t a n c e  moment p ro v id e d  a t  any s e c t i o n  o f  a 
member m ust n o t  be l e s s  th a n  70 p e r c e n t  of th e  moment a t  t h a t  s e c t i o n  
o b ta in e d  from  an e l a s t i c  maximum moments d iagram  c o v e r in g  a l l  
a p p r o p r i a t e  c o m b in a t io n s  o f  u l t i m a t e  l o a d s ;
(3) The e l a s t i c  moment a t  any s e c t i o n  i n  a member due to  a p a r t i c u l a r  
c o m b in a t io n  o f  u l t i m a t e  lo a d s  sh o u ld  n o t  be red u ced  by more th a n  30 
p e r c e n t  o f  th e  n u m e r ic a l ly  l a r g e s t  moment g iv en  anywhere by th e  e l a s t i c  
moments d iag ram  f o r  t h a t  p a r t i c u l a r  member, c o v e r in g  a l l  a p p r o p r i a t e  
c o m b in a t io n s  o f  u l t i m a t e  l o a d s ;
(4) Where, as a r e s u l t  o f  r e d i s t r i b u t i o n ,  th e  u l t i m a t e  r e s i s t a n c e  
moment a t  a s e c t i o n  i s  re d u c e d  th e  n e u t r a l  a x i s  d e p th  x o f  th e  s e c t i o n  
r e s i s t i n g  th e  red u ced  moment, sh o u ld  n o t  be g r e a t e r  t h a n : -
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X = (0 .6  -  . . .  2 ( x i . i i )
where d i s  th e  e f f e c t i v e  d e p th ,
B J i s  th e  r a t i o  o f  th e  r e d u c t i o n  i n  r e s i s t a n c e  moment, to  r e d
th e  n u m e r i c a l ly  l a r g e s t  moment g iv e n  anywhere by th e  e l a s t i c  moments 
d iag ram  f o r  t h a t  p a r t i c u l a r  member, c o v e r in g  a l l  a p p r o p r i a t e  
co m b in a t io n s  o f  u l t i m a t e  l o a d s .  V alues  o f  x f o r  v a r i o u s  r e d u c t io n  
r a t i o s  a re  g iv e n  b e lo w :-
®red
0 .1  0 .5  d
0 .2  0 .4  d
0 .3  0 .3  d
I t  sh o u ld  be  n o te d  t h a t  e q u a t io n  2 , l i ^  ( se e  s e c t i o n  2 .0 6 )  
i s  d e r iv e d  from  th e  a ssu m p tio n  t h a t  x = 0 .5  d a t  u l t i m a t e  c o n d i t io n s  
and th u s  may o n ly  be u sed  when th e  r e d i s t r i b u t i o n  o f  moment i s  n o t  
g r e a t e r  th a n  10 p e r c e n t .
I n  s t r u c t u r e s  o v e r  f o u r  s t o r e y s  i n  h e i g h t  i n  w hich  th e  
s t r u c t u r a l  fram e p r o v id e s  th e  l a t e r a l  s t a b i l i t y ,  th e  r e d u c t io n s  i n  
moment a l lo w ed  by c o n d i t i o n  (3) above sh o u ld  be r e s t r i c t e d  to  10 
p e r c e n t .
To c onc lude  i t  w i l l  be o f  i n t e r e s t  to  compare th e  moment
r e d i s t r i b u t i o n  p r o c e d u r e  w i th  a f u l l y  p l a s t i c  a n a l y s i s  t a k in g  th e
c a se  o f  a two span  c o n t in u o u s  beam w i th  u n i fo rm ly  d i s t r i b u t e d  lo a d in g
as  c o n s id e r e d  i n  C h a p te r  1. For a f u l l y  p l a s t i c  a n a l y s i s  w i th  e q u a l
r e s i s t a n c e  moments i n  th e  s u p p o r t  and span  th e  b e n d in g  momentI II
d i s t r i b u t i o n  w i l l  be  i n  a c c o rd a n c e  w i th  F ig .  1 ,1 1 .  The b e n d in g
2moment a t  B i s  WL / I I . 65 ,  w h e re ,  i n  a c co rd an ce  w i th  CP 110, W f o r
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th e  u l t i m a t e  l i m i t  s t a t e  w i l l  be = 1 .4  Gk + 1 .6  Qk, An e l a s t i c
2a n a l y s i s  w i l l  g iv e  a b e n d in g  moment a t  B o f  WL / 8 ,  Assuming 30
p e r c e n t  r e d i s t r i b u t i o n  o f  moment th e  v a lu e  o f  th e  s u p p o r t  moment 
2 2w i l l  be  0 .7  WL /8  = WL / I I . 42. The c o rre s p o n d in g  span  moment w i l l  
2be W I j / I I . 9 ;  a summary i s  g iv e n  below .
P l a s t i c  a n a l y s i s  
e q u a l  s u p p o r t  and 
span  moments
Support  B Span
WL^/11.65 WL^/11,65
E l a s t i c  a n a l y s i s  
no r e d i s t r i b u t i o n WL^/8 WL^/14.2
E l a s t i c  a n a l y s i s  
30 p e r c e n t  r e d i s t r i b u t i o n WL^/11.42 WL^/11.9
T h is  example d e m o n s t ra te s  t h a t  30 p e r c e n t  r e d i s t r i b u t i o n  o f
moment g iv e s  a s i m i l a r  r e s u l t  to  a p l a s t i c  a n a l y s i s .  I t  would a p p e a r
to  th e  a u th o r  t h a t  a s im p le  p l a s t i c  a n a l y s i s  a t  u l t i m a t e  c o n d i t io n s
would be a more s t r a i g h t f o r w a r d  and l o g i c a l  app roach  to  member
a n a l y s i s .  As 30 p e r c e n t  r e d i s t r i b u t i o n  o f  moment w i l l  r e q u i r e ,  i n
a c co rd an ce  w i th  CP 110, a v a lu e  o f  x ^ 0 . 3  d t h i s  sh o u ld  a l s o  ap p ly
to  a p l a s t i c  a n a l y s i s .  T h is  v a lu e  o f  x red u c e s  th e  moment c a p a c i t y
2 2o f  t h e  s e c t i o n  from  0 .1 5  f e u  bd to  0 .1  f e u  bd ( r e c t a n g u l a r  s t r e s s  
b l o c k ) . Thus i n  o r d e r  to  a c h ie v e  g r e a t e r  economy i t  i s  p ro posed  to  
i n v e s t i g a t e  th e  p o s s i b i l i t y  o f  u s in g  a fu l ly  p l a s t i c  a n a l y s i s  w i th  a 
l e s s  s e v e re  l i m i t a t i o n  o f  th e  n e u t r a l  a x i s  d e p th ,  say  x ^ 0 . 5  d .
T h is  w i l l  r e q u i r e  an  i n v e s t i g a t i o n  o f  th e  h in g e  r c t a t i o n  c h a r a c t e r i s t i c s  
o f  c r i t i c a l  s e c t i o n s  and i n  C h a p te rs  3 & 4 a more d e t a i l e d  e x a m in a t io n  o f  
e x p e r im e n ta l  work r e l a t i n g  to  th e  p l a s t i c i t y  o f  r e i n f o r c e d  c o n c re te  
members w i l l  be c a r r i e d  o u t .
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3 .0 0  LOAD TESTS ON CONTINUOUS REINFORCED CONCRETE BEAMS AT THE UNIVERSITY 
OF SURREY
3 .0 1  INTRODUCTION
T e s ts  were c a r r i e d  o u t  a t  th e  U n iv e r s i ty  o f  S u r re y  i n  
p e r i o d  1969-1970 on t e n  two span  c o n tin u o u s  beams, th e  i n i t i a l  
o b j e c t i v e s  b e in g  an i n v e s t i g a t i o n  of  th e  lo a d - d e fo r m a t io n  
c h a r a c t e r i s t i c s  and c ra c k  p r o p a g a t io n  in  beams r e i n f o r c e d  w i th  
... . sq u a re  t w i s t e d  r e in f o r c e m e n t .  T h is  work was r e p o r t e d  i n  p a r t  
i n  two d i s s e r t a t i o n s  s u b m i t te d  by A .J ,  A l - K i l l i  (28) and 
M.L. Gates-Suraner (29) i n  1969, as p a r t i a l  f u l f i l m e n t  o f  th e  
award o f  M.Sc. i n  S t r u c t u r a l  and B r id g e  E n g in e e r in g  r e s p e c t i v e l y .
I t  was t h e  w r i t e r s '  i n t e n t i o n  t o  deve lop  a d e s ig n  
o f f i c e  p ro c e d u re  f o r  c a l c u l a t i n g  th e  d e f l e c t i o n  o f  r e i n f o r c e d  
c o n c re te  beams which was to  be v e r i f i e d  by th e  t e s t  d a t a .  T h is  
p ro c e d u re  i s  g iv en  i n  A l - H i l Ü ' s  (28) d i s s e r t a t i o n ,  b u t  w i th  
th e  i n t r o d u c t i o n  o f  a method o f  c a l c u l a t i n g  d e f l e c t i o n s  i n  CP 110 
i t  became a p p a re n t  to  th e  w r i t e r  t h a t  h i s  approach  was more t e d io u s  
(3 0 ) .  Thus i t  was d e c id e d  to  abandon t h i s  work b u t  a s -each -b eam  
was lo ad e d  to  f a i l u r e ,  i t  was p o s s i b l e  to  u t i l i s e  th e s e  r e s u l t s  
t o  compare w i th  th e  u l t i m a t e  lo ad s  p r e d i c t e d  by th e  p l a s t i c  th e o r y .
3 .02  TEST SPECIMENS
The specim ens u se d  i n  a l l  t e n  t e s t s  (A t o  J )  were
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two span c o n tin u o u s  beams o f  r e c t a n g u l a r  c ro s s  s e c t i o n ,  
d e p th  225 ram, w id th  150 ram. The o v e r a l l  beam l e n g t h  was 4 .83  m 
and s u p p o r t s  were p ro v id e d  t o  g iv e  two e q u a l  spans o f  2 .31  m.
The lo a d in g  p o s i t i o n s  and a rran g em en t  o f  r e in f o rc e m e n t  f o r  th e  
t e n  beams a re  shown i n  F ig .  3 .1 .  Equal p e r c e n ta g e s o f  l o n g i ­
t u d i n a l  r e in f o rc e m e n t  were p ro v id e d  in  each  beam a t  c r i t i c a l  
s e c t i o n s  f o r  f l e x u r e  ( c e n t r a l  s u p p o r t  and m id s p a n ) , th e  
p e rc e n ta g e  b e in g  g r a d u a l ly  i n c r e a s e d  from  beam A to  J  to  g iv e  a 
maximum t h e o r e t i c a l  n e u t r a l  a x i s  d e p th  a t  y i e l d  o f  t h e  s t e e l  
o f  abou t  0 .5  d. The specim ens wer^ c a s t  i n  t im b e r  moulds and 
a f t e r  s t r i p p i n g  t h e  forrawork, th e y  were k e p t  m o is t  d u r in g  s to r a g e  
u n t i l  t e s t i n g  a t  an age be tw een  25 and 35 days a f t e r  c a s t i n g .
The beams were w hitew ashed  p r i o r  t o  t e s t i n g  to  f a c i l i t a t e  t h e  
o b s e r v a t io n  o f  c ra c k  p r o p a g a t io n .
3 .0 3  CONCRETE MIX
Ready-Mix c o n c r e te  was u se d  f o r  a l l  t h e  specim ens
and was s p e c i f i e d  to  g iv e  a minimum 28 day com pressive  s t r e n g t h
2 2 o f  21N/ram f o r  beams A and B and 31N/mm f o r  beams C t o  J .
A 50 mm slump was s p e c i f i e d  t o g e t h e r  w i th  a maximum c o a rs e
a g g re g a te  s i z e  o f  10 mm. (Thames V a l l e y ,  R ip le y  g r a v e l )  and
c o n t r o l  cubes were made from  e a ch  b a t c h .  Some d i f f i c u l t y  was
e x p e r ie n c e d  i n  com pacting  t h e  c o n c r e te  due to  d i s t o r t i o n  o f  th e
m oulds , c o n g e s t io n  o f  th e  r e in f o rc e m e n t  and th e  sm a l l  c o v e r .  Two
o f  t h e  specim ens r e q u i re d s o m e  re m e d ia l  work a f t e r  s t r i p p i n g  th e
moulds b u t  t h e i r  u l t i m a t e  lo a d  c a p a c i ty  d id  n o t  a p p e a r  t o  be a f f e c t e d .
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3 .0 4  EE INFORCEMENT
A p ar t  from  beams A, E and F , t h e  main l o n g i t u d i n a l  
r e in f o rc e m e n t  was 1 2 .5  mm c o ld  w orked , t w i s t e d ,  s q u a re  b a r s  
m ark e te d  u n d e r  th e  name "S quare  G rip"  r e in f o r c e m e n t .  A t y p i c a l  
s t r e s s - s t r a i n  cu rve  was p ro v id e d  by Square  G r ip ,  see  F ig .  3 . 2 ,  
t h e  y i e l d  s t r e s s  b e in g  t a k e n  as 0 .2  p e r c e n t  o f f s e t  s t r a i n .  A l l  
o t h e r  l o n g i t u d i n a l  r e i n f o r c e m e n t ,  ( s e e  F ig .  3 . l )  aiid th e  
6 .2 5  mm d ia m e te r  v e r t i c a l  l i n k s ,  were m ild  s t e e l .
3 .0 5  MEMBER ANALYSIS
For member a n a l y s i s ,  s im p le  p l a s t i c  t h e o r y  was
assumed w i th  h in g e s  fo rm in g  as shown i n  F ig .  3 .3 .  An e l a s t i c
a n a l y s i s  f o r  c o n s t a n t  f l e x u r a l  r i g i d i t y  w i l l  g ive  s u p p o r t  and
span  b e n d in g  moment c o e f f i c i e n t s  as below
2M s u p p o r t  = 0 .1 2 5  wL + 0 .1 8 8  NL
2M span = 0 .0 7  wL + 0 .156  l-JL
Where w i s  t h e  u n i fo r m ly  d i s t r i b u t e d  lo a d  due t o  t h e  s e l f  
w e ig h t  o f  t h e  beam and W th e  c o n c e n t r a t e d  lo a d  a p p l i e d  a t  th e  
c e n t r e  o f  each  span . W ith i n c r e a s e  i n  lo a d  th e  s t e e l  w i l l  r e a c h  
i t s  y i e l d  p o i n t  a t  s u p p o r t  B r e s u l t i n g  i n  t h e ' f o r m a t i o n  o f  a  
p l a s t i c  h in g e .  W ith f u r t h e r  i n c r e a s e  i n  lo a d  th e  h in g e  a t  B 
i s  assumed to  r o t a t e ,  a t  s u b s t a n t i a l l y  c o n s ta n t  moment u n t i l  
h in g e s  form  under t h e  c o n c e n t r a t e d  lo a d s  Wu r e s u l t i n g  i n  a 
mechanism. C o n s id e r in g  th e  e q u i l i b r i u m  o f  th e  sy s tem  a t  th e  
p o i n t  o f  f o rm a t io n  o f  a  m echanism; then- f o r  u n i t  d i sp la c e m e n t  
unde r  th e  lo a d s  W, see  F ig .  3 . 4 ,  th e  e x t e r n a l  work done i s  g iv e n
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Stress 
n /  mm
542 -
4 8 3 -
f =  0. 2 % proof stress =  449 N/m m414
3 45-
276-
207-
138-
69-
Strain
\ - F lg .3 .2  S tress-strain curve for 12 .5  mm ’’Square
Grip” bars.
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by
E.W. = 2 Wu.l + w L .I .4  
2
= 2 Wu + wL
The i n t e r n a l  work I .W .=  6 Mi 0 , s e e  F ig .  3 .4 .
where Mu i s  t h e  r e s i s t a n c e  moment o f  t h e  s u p p o r t  and span  s e c t i o n s  
( eq u a l  p e rc e n ta g e s  o f  r e i n f o r c e m e n t ) , Thus e q u a t in g  e x t e r n a l  
and i n t e r n a l  work :
6 Mu^. = 2 Wu + wL
L
2Mu . "■ WuL + wL 
6 12
and Wu . = 6 Mu -  w]L ..................................   3 ( i )
L 2
F o r  known v a lu e s  o f  Mu and w th e  u l t i m a t e  lo a d  Wu may be  
e s t im a te d  from  e q u a t i o n  3 ( i )
w = 0 .2 2 5 .0 .1 5 .2 3 .6  
= 0 .8  kN/m
W ith L = 2 .3 1  m, Wu = 6 Mu -  0 . 8 . 2 . 3 1
2 .3 1  2
, = 2 ,6  Mu -  0 .9 2    3 ( i i )
I t  i s  now r e q u i r e d  t o  e s t i m a t e  t h e  v a lu e  o f  th e  u l t i m a t e  
r e s i s t a n c e  moment from  th e  s e c t i o n  d im ensions  and th e  p r o p e r t i e s  
o f  th e  s t e e l  and c o n c r e t e .
3 .06  SECTION ANALYSIS 
FLEXURE
O r i g i n a l l y ,  t h e  s e c t i o n  a n a l y s i s  f o r  f l e x u r e  was
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L/2L/2L/2 L/2
Fig . 3 .3  Assumed failure mode.
Wu
A
Mu
Mu
L/2L/2
Fig. 3 .4
0 .67  feu
0 .0035 Strain
4000
Fig . 3 .5  Assumed stress-stra in  curve for concrete 
ym =  1 .0
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c a r r i e d  o u t  assum ing a p a r a b o l i c  s t r e s s  b lo c k  i n  a c co rd a n ce  w i th  
t h e  d r a f t  CEB recom m endations  ( 3 . 1 ) .  T h is  was s u b s e q u e n t ly  
m o d if ie d  to  a  p a r a b o l i c  r e c t a n g u l a r  s t r e s s  b lo c k  i n  l i n e  w i th  
t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p  g iv e n  i n  CP 110. F o r  l a b o r a t o r y  
t e s t s  a v a lu e  o f  y m ,( th e  p a r t i a l  s a f e t y  f a c t o r ) e q u a l  to  1 .5  i s  
n o t  r e a l i s t i c  and t h i s  was p u t  e q u a l  t o  u n i t y .  From th e  s t r e s s -  
s t r a i n  cu rve  shown i n  F ig .  3 .5  w hich i s  i d e n t i c a l  to  t h a t  i n  
CP 110 e x c e p t  t h a t  ym  i s  u n i t y ,  t h e  p r o p e r t i e s  of t h e  c o n c re te  
s t r e s s  b lo c k  can be d e te rm in e d  and th u s  t h e  r e s i s t a n c e  moment 
o f  th e  s e c t i o n  f o r  v a r y in g  p e rc e n ta g e s  o f  l o n g i t u d i n a l  
r e in f o r c e m e n t .
From th e  s t r a i n  p r o f i l e .  F ig .  3 .6  
a eo
X 0 .0035
a r e a  o f  s t r e s s  b lo c k  = 0 .67  f e u  x -  0 .67  feu  a
= 0 .6 7  f e u  X  {1 -  3 0 .0 0 3 5 ^
where eo = fcu^
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th u s  a r e a  = 0 .6 7  f e u  x {1 -  -}............. 3 ( i i i )
I t  i s  a p p a re n t  from  e q u a t io n  3 ( i i i )  t h a t  i f  f e u  /42
(32 )i s  s m a l l ,  t h e  u se  o f  an e q u iv a l e n t  r e c ta n g le  0 .6  f e u  x i s
a  c lo s e  a p p ro x im a t io n  t o  t h e  p a r a b o l i c  r e c t a n g u l a r  s t r e s s  b lo ck .  
The n e u t r a l  a x i s  d e p th  i s  o b ta in e d  by e q u a t in g  th e  t o t a l
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co m p ress io n  t o  th e  t o t a l  t e n s i o n .  The s t r e s s - s t r a i n  c u rv e  f o r  
t h e  12 .5  mm Square  G rip  b a r s  does n o t  have a w e l l - d e f i n e d  y i e l d  
p o i n t  and t h e  y i e l d  s t r e s s  fy  was t a k e n  as th e  v a lu e  c o r r e s p o n d in g
t o  0 .2  p e r c e n t  o f f s e t  s t r a i n ,  s e e  F ig .  3 .2 .  Thus f o r  l o n g i ­
t u d i n a l  e q u i l i b r i u m
As fy  = 0 .6 7  f e u  x  {1 -  — b
  As fy   '   3 ( iv )
and X = ' r r r i
0 .67  f e u  {1 -  - ) b
I n  o r d e r  t o  o b t a i n  th e  l e v e r  arm f o r  t h e  p a r a b o l i c  
p o r t i o n  o f  t h e  s t r e s s  b lo c k  i t  i s  n e c e s s a r y  to  d e te rm in e  th e  
d e p th  a ,  see  F ig .  3 .6 .
■ eoa = X . 0 .0035
......................... 3 (v )
Thus th e  r e s i s t a n c e  moment o f  t h e  s e c t i o n  can  be 
e x p re s s e d  i n  t h e  form
Mu = see  F ig  3 .7
th u s  Mu = 0 .67  f e u  b (x -a )  {d -  }
+ 0 .4 4 4  f e u  b a  {d -  (x -  } ................ 3 ( v i )
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0 ,67  feu0 .0035
N
Fig . 3 .6 Concrete strain distribution and stress block.
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Fig . 3. 7 Resistance moment of section expressed as Mu =  + CgZg
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SHEAR
The c a l c u l a t i o n s  f o r  s h e a r  r e in f o rc e m e n t  were c a r r i e d  
o u t  i n  acco rdance  w i th  th e  d r a f t  e d i t i o n  o f  CP 110. The s h e a r  
s t r e s s  i s  c a l c u l a t e d  from  th e  e q u a t io n
V 
“  bd
Where V i s  th e  s h e a r  f o r c e  c a l c u l a t e d  from th e  u l t i m a t e  
lo a d  f o r  f l e x u r e .  The s h e a r  c a p a c i ty  o f  th e  c o n c re te  Vc i s  
c a l c u l a t e d  from th e  e x p r e s s io n
Vc = vc  bd
w here vc i s  r e l a t e d  t o  t h e  s t r e n g t h  o f  th e  c o n c re te  f e u  and th e
« •  Asp e r c e n ta g e  o f  l o n g i t u d i n a l  r e in f o r c e m e n t  100. I f  v
exceeds  vc th e n  r e in f o r c e m e n t  i s  p ro v id e d  t o  r e s i s t  a s h e a r
f o r c e  o f  V -  0 .8  Vc.
An u p p e r  l i m i t  o f  4 vc i s  p la c e d  on th e  v a lu e  o f  v 
i r r e s p e c t i v e  o f  t h e  s h e a r  r e in f o r c e m e n t  p r o v id e d .  I n  o r d e r  to  
p r e c l u d e  th e  developm ent o f  d i a g o n a l  s h e a r  c ra c k s  be tw een  th e  
l i n k s ,  t h e i r  sp a c in g  was l i m i t e d  t o  a v a lu e  somewhat l e s s  th a n  
t h e  maximum v a lu e  o f  0 .7 5  d g iv en  i n  CP 110 ( d r a f t ) .  The s h e a r  
c l a u s e s  w ere  r e v i s e d  i n  t h e  f i n a l  document and a r e  s l i g h t l y  l e s s  
r e s t r i c t i v e  th a n  th o s e  o u t l i n e d  above . Thus i t  would be 
r e a s o n a b le  t o  assume t h a t  th e  s h e a r  r e in f o rc e m e n t  p ro v id e d  i n  
th e  beams was somewhat c o n s e r v a t i v e  and , f u r t h e r ,  t h e  c lo s e  
spacing , o f  t h e  l i n k s  -  i n  g e n e r a l  ab o u t  d /2  -  may i n f l u e n c e  th e  
r o t a t i o n  c a p a c i ty  o f  t h e  s e c t i o n ,  s e e  C hap ter  4 S e c t io n  4 .02
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3 .0 7  TEST PROCEDURE
The specim ens  w ere  t e s t e d  i n  an Avery 1000 kN h y d r a u l i c  
t e s t i n g  m achine  t h e  l o a d  r a n g e  b e in g  s e t  a c c o rd in g  t o  t h e  
t h e o r e t i c a l  c a p a c i ty  o f  th e  beams w hich  were s u p p o r te d  on r o l l e r  
b e a r i n g s  a t  th e  o u t e r  s u p p o r t s  and on a p l a t e  b e a r i n g  a t  th e  
c e n t r a l  s u p p o r t .  The b e a r i n g  p l a t e s  a t  lo ad  and r e a c t i o n  p o i n t s  
co v e re d  th e  f u l l  w id th  o f  t h e  specim en  and th e  lo a d  was a p p l i e d  
a t  th e  mid p o i n t  o f  b o th  sp an s  by means o f  a u n i v e r s a l  beam 
p la c e d  above th e  spec im en . F ig .  3 . 8 g iv e s  a g e n e r a l  v iew  o f  th e  
t e s t i n g  m ach ine ,  specim en  and l o a d in g  beam. The f o l lo w in g  
i n s t r u m e n t a t i o n  was employed d u r in g  t h e  t e s t s
1. A Demec s t r a i n  gauge o f  100 mm gauge l e n g th  was u se d  
t o  m easure  th e  s t r a i n  on th e  s u r f a c e  o f  t h e  c o n c r e te  a t  n in e  
l e v e l s  a t  th e  s u p p o r t  and m idpsan  s e c t i o n s .  F ig .  3 .9
2. D e f l e c t i o n  gauges c o n s i s t i n g  o f  a v e r t i c a l  m oveable arm 
and a d i a l  gauge were p o s i t i o n e d  b e n e a th  th e  beam a t  t h e  two 
m idspan  s e c t i o n s .  These  gauges were f i x e d  t o  t h e  beam s u p p o r t
by m ag n e t ic  b a s e s  t o  p r e v e n t  any a c c i d e n t a l  movement and t h e  d i a l  
gauge r e a d i n g  was r e c o r d e d  b e f o r e  any lo a d in g  was a p p l i e d  to  
t h e  beam.
3. . S m a l l ,  hand h e ld  m ic ro sc o p e s  F ig .  3 .1 0  w ere  u s e d  to  m easure  
c r a c k  w id th s  on th e  s i d e  f a c e s  o f  t h e  beams as t h e  f l e x u r a l / s h e a r  
c r a c k in g  d e v e lo p e d .  These  m ic ro sc o p e s  had s c a l e s  g r a d u a te d  i n
0 . 1 o f  a  m i l l i m e t r e  and w ere  r e a l i s e d  t o  have  l i m i t e d  a c c u ra c y  
i n  m e a s u r in g  th e  c r a c k  w id th  f o r  t h e  p u rp o se  o f  com parison  w i th  
t h e o r e t i c a l  v a l u e s .
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LoadLoad
2 .31 m1 .15  m
4. 62 m
of load
12 .5  mm•91
o  4
8 x 2 5  mm
Demec stud
12 .5  mm
50 mm50 mm
Fig . 3. 9 Demec stud layout.
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4. T r ip o d  mounted cameras (beams C and D) were p la c e d  a t
m idspan s e c t i o n s  t o  t a k e  s t i l l  p h o to g ra p h s  o f  t h e  c r a c k in g  on 
th e  s id e  o f  t h e  beam f o r  each  in c re m e n t  o f  lo a d .  A 16 mm f i l m  
was ta k e n  d u r in g  th e  l o a d in g  o f  beam C up to  f a i l u r e ,  w hich i s  
now b e in g  used  as a t e a c h in g  a i d  to  d e m o n s tra te  t h e  c ra c k  
p r o p a g a t io n  up to  f a i l u r e  i n  c o n tin u o u s  r e i n f o r c e d  c o n c re te  
beams.
The f o l lo w in g  t e s t  p ro c e d u re  was ad o p te d .  Each 
specim en was lo ad e d  i n  10 kN in c re m e n ts  up to  abou t 75 p e r c e n t  
o f  th e  e s t im a te d  lo a d  a t  y i e l d  o f  t h e  s t e e l .  The lo a d  was 
h e ld  c o n s ta n t  a t  each  in c re m e n t  w h i le  th e  r e q u i r e d  r e a d in g s  
and m easurem ents were t a k e n .  These in c lu d e d  ;~
1. The d e f l e c t i o n  gauge r e a d in g s  im m edia te ly  a f t e r  each 
in c re m e n t  was a p p l i e d  and j u s t  b e f o r e  th e  a p p l i c a t i o n  o f  th e  
n e x t  in c re m e n t .
2 . The s t r a i n  gauge r e a d in g s  a t  t h e  s u p p o r t  and midspan 
p o i n t s .  Some d i f f i c u l t y  was e x p e r ie n c e d  i n  t a k i n g  th e  gauge 
r e a d in g s  a t  .the s u p p o r t  due t o  t h e  p ro x im i ty  o f  t h e  v e r t i c a l  
members o f  th e  t e s t  m ach ine .  T h is  was overcome by th e  u se  o f  a 
m i r r o r  to  r e a d  th e  d i a l  gauge.
3 . The p a t t e r n  o f  c r a c k in g  and maximum c ra c k  w id th  a t  th e  
lo a d  a p p l i c a t i o n  p o i n t s .
The d i a l  gauges were th e n  removed and th e  specim ens 
lo ad e d  g r a d u a l ly  u n t i l  y i e l d  o f  t h e  s t e e l  and f i n a l l y  com plete
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f a i l u r e .  The beam d im e n s io n s ,  m a t e r i a l  p r o p e r t i e s ,  r e in f o rc e m e n t  
d e t a i l s  and f a i l u r e  lo a d s  a re  tabu la ted  i n  T ab les  3 .1  and 3 .2  ( s e e  
pages  83 and 84 ) .
3 .08  DISCUSSION OF RESULTS
The t h e o r e t i c a l  v a lu e s  o f  th e  n e u t r a l  a x i s  d e p th  a t  
y i e l d  o f  th e  l o n g i t u d i n a l  r e i n f o r c e m e n t ,  u l t i m a t e  r e s i s t a n c e  
moment and f a i l u r e  lo a d  a r e  g iv en  i n  T ab le  3 .2 .  These v a lu e s  
a r e  o b t a in e d  from e q u a t io n s  3 ( i v ) ,  3 ( v i )  and 3 ( i i )  d e r iv e d  
p r e v i o u s l y .  I n  a l l  c a s e s  th e  r a t i o  Wu ( te s t ) /W u  ( t h e o r e t i c a l )  
exceeded  u n i t y  (column 12, T ab le  3 .2 )  and f o r  t h e  se v en  beams 
w i t h  s q u a re  t w i s t e d  l o n g i t u d i n a l  r e in f o rc e m e n t  ( B ,C ,D ,G ,H , I , J ) , 
t h e  a v e rag e  v a lu e  o f  t h i s  r a t i o  i s  1 .4 4 .  The d e v i a t i o n  from 
t h i s  a v e ra g e  v a lu e  i s  sm a l l  a l th o u g h  th e  t h e o r e t i c a l  r a t i o  o f  
n e u t r a l  a x i s  d e p th  t o  e f f e c t i v e  d e p th  x /d  (column 3 ,  T ab le  3 .2 )  
r a n g e s  from  0 .2 2  to  0 .5 5  w i th  t h e  c o r r e s p o n d in g  s t e e l  p e rc e n ta g e  
p i n  t h e  r an g e  1 .08  to  2 .0 8 .  T h is  i s  r e p r e s e n t a t i v e  o f  p r a c t i c a l  
d e s ig n  o f  c o n t in u o u s  beams i n  w hich th e  s t e e l  p e r c e n ta g e  i s  
commonly i n  th e  ran g e  1 .0  to  2 . 0 .  The r a t i o  Wu ( te s t ) /W u  
( t h e o r e t i c a l )  f o r  t h e  t h r e e  beams w i th  m ild  s t e e l  l o n g i t u d i n a l  
r e in f o r c e m e n t  (AEF) i s  c o n s id e r a b ly  lo w e r ,  th e  a v e ra g e  b e in g  
1 .2 6 .  T h is  i s  to  be e x p e c te d  due t o  th e  d i f f e r i n g  c h a r a c t e r i s t i c s  
o f  t h e  s t r e s s - s t r a i n  c u rv e s  f o r  m ild  s t e e l  and s q u a re  t w i s t e d  
b a r s .  For t h e  s q u a re  t w i s t e d  b a r s  t h e r e  i s  a  s i g n i f i c a n t  s t r a i n  
h a rd e n in g  from  th e  assumed y i e l d  p o i n t  a t  0 .2  p e r c e n t  o f f s e t  . 
s t r a i n  ( F ig .  3 . 2 ) ,  F o r  t h e  m ild  s t e e l  b a r s  t h e r e  i s  a  l a r g e  
h o r i z o n t a l  p l a t e a u  to  t h e  s t r e s s - s t r a i n  cu rve  and th u s  t o t a l
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f a i l u r e  i s  l i k e l y  to  o c c u r  much c l o s e r  t o  th e  y i e l d  p o i n t .  With
beam A W u (te s t )  ^ - ORW u(theor) t h e r e  was ev id e n c e  o f  f l e x u r a l -
s h e a r  f a i l u r e  due to  t h e  o pen ing  up of  th e  d ia g o n a l  c ra c k s  a t
t h e  i n t e r m e d ia t e  s u p p o r t s .  The r a t i o  o f  l i n k  p i t c h  t o  e f f e c t i v e  
Svd e p th  / j  i n  t h i s  c a se  was 0 .625  and i t  was a p p a re n t  t h a t  t h i s
r a t i o  was to o  l a r g e  to  p r e v e n t  th e  d ia g o n a l  c ra c k s  from open ing . 
Thus f o r  t h e  r em a in in g  t e s t s  th e  r a t i o  o f  was l i m i t e d  to
0 .5  o r  l e s s .
A com ple te  p h o to g ra p h ic  r e c o r d  o f  t h e  developm ent o f  
c ra c k s  a t  p o i n t  d ( se e  F ig .  3 .4 )  was made f o r  beam C from z e ro  
lo a d  t o  f a i l u r e .  I t  can be se en  from  F ig ,  3 .1 1 ( a )  t h a t  th e  
dom inant c ra c k s  a t  y i e l d  o f  th e  s t e e l  a r e  f l e x u r a l  a l th o u g h  th e  
i n f l u e n c e  o f  d ia g o n a l  t e n s i o n s  i s  a p p a re n t  on each  s i d e  o f  t h e  
l o a d in g  p l a t e .  The dom inant f l e x u r a l  c ra c k  midway be tw een  th e  
Demec s tu d s  e x te n d s  as f a r  as th e  second row o f  s tu d s  from  th e  
com press ion  fa c e  i n d i c a t i n g  a r e a l  n e u t r a l  a x i s  d e p th  i n  t h e  o r d e r  
o f  38 mm. With f u r t h e r  i n c r e a s e  i n  lo a d  beyond th e  y i e l d  p o i n t  
th e  f l e x u r a l  c ra c k  w id th  i n c r e a s e d  d r a m a t i c a l l y  u n d e r  t h e  lo ad  
a p p l i c a t i o n  p o i n t  ( s e e  F ig .  3 .1 1 b ) .  T h is  was fo l lo w e d  by s p e l l i n g  
o f  th e  c o n c r e te  i n  th e  c o m press ion  zone each  s id e  o f  t h e  l o a d in g  
p l a t e ,  and f i n a l l y  th e  l o n g i t u d i n a l  r e in f o rc e m e n t  f r a c t u r e d  
a t  a  t o t a l  lo a d  o f  192 kN. W ith t h e  e x c e p t io n  o f  beam A m en tioned  
p r e v i o u s l y  t h i s  mode o f  f a i l u r e  was c o n s i s t e n t  f o r  a l l  th e  t e s t  
specim ens a l th o u g h  th e  s t e e l  d id  n o t  f r a c t u r e  i n  a l l  c a s e s .
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The t h e o r e t i c a l  n e u t r a l  a x i s  d e p th  a t  y i e l d  o f  th e  
l o n g i t u d i n a l  r e in f o r c e m e n t  i s  i n  e x c es s  o f  50 p e r c e n t  o f  t h e  
e f f e c t i v e  d e p th  f o r  beams I  and J ,  which i s  a t ' v a r i a n c e  w i th  
th e  o b se rv e d  v a lu e s .  U n f o r tu n a t e l y  s t r a i n  m easurem ents were n o t  
t a k e n  beyond a lo a d in g  o f  a p p ro x im a te ly  60 p e r c e n t  o f  th e  lo ad  
a t  y i e l d  o f  th e  r e in f o r c e m e n t  as t h e  t e s t s  were i n i t i a l l y  
concerned  w i th  d e fo r m a t io n  a t  s e r v i c e  lo a d .  Due to  t h e  p o s i t i o n  
o f  t h e  v e r t i c a l  members o f  t h e  t e s t i n g  machine i t  was n o t  
p o s s i b l e  to  p h o to g ra p h  t h e  c ra c k  p r o p a g a t io n  a t  th e  i n t e r m e d ia t e  
s u p p o r t  b u t  from a v i s u a l  i n s p e c t i o n  i t  was i d e n t i c a l  i n  form 
to  t h a t  a t  th e  m idspan  s e c t i o n s .
I t  was o b se rv e d  t h a t  f o r  a l l  t h e  beams th e  d e p th  o f
th e  n e u t r a l  a x i s  a t  t h e  p o i n t  o f  f a i l u r e  was sm a l l  and d id  n o t
e x te n d  beyond th e  second  row o f  s tu d e s  from  th e  to p  o f  th e
beam. Thus an a p p ro x im a t io n  to  t h e  n e u t r a l  a x i s  d e p t h ,o f  say
38 ram,could be u se d  as a b a s i s  f o r  a r e v i s e d  e s t i m a t e  o f  t h e
f a i l u r e  l o a d ,  t a k i n g  i n t o  acco u n t  t h e  s t r a i n  h a rd e n in g  o f  th e
l o n g i t u d i n a l  r e in f o r c e m e n t .  The f a i l u r e  lo a d s  g iv e n  i n  T ab le  3 .2
(column 12) do n o t  a l lo w  f o r  s t r a i n  h a rd e n in g  o f  t h e  l o n g i t u d i n a l
r e in f o r c e m e n t  and a r e  th u s  c o n s e r v a t i v e .  From t h e  s t r e s s - s t r a i n
cu rv e  (F ig .  3 .2 )  t h e  u l t i m a t e  s t r e n g t h  o f  t h e  12 .5  mm Square Grip
2j b a r s  i s  i n  t h e  o r d e r  o f  525 N/mm -  t h i s  v a lu e  compares r e a s o n a b ly
i"" 2J* i w e l l  w i th  th e  l a b o r a t o r y  v a lu e  "of 546 M/mm . The t o t a l  t e n s i o n
iV-..;. a t  th e  p o i n t  o f  f a i l u r e  i s  g iv e n  by
Ta = As f u l t
II"
f t
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2where f ü l t  . = 546 N/mm ( l a b o r a t o r y  r e s u l t ) ,
Assuming f o r  s i m p l i c i t y  a r e c t a n g u l a r  s t r e s s  b lo c k ,  
t h e  d e p th  o f  th e  c e n t r e  o f  com press ion  from  t h e  to p  o f  th e  beam 
i s  0 .5 x  and th u s  t h e  l e v e r  arm i s  g iv e n  by
z = d -  0 .5 x
F or  X a t  a  c o n s ta n t  v a lu e  i n  th e  o r d e r  o f  38 mm th e n
z = d -  19
th u s  Mu . = As f u l t  (d -  19) .....................3 ( v i i )
U sing  e q u a t io n  3 ( v i i )  an e s t i m a t e  can be made o f  t h e
u l t i m a t e  moment o f  r e s i s t a n c e  o f  t h e  beams a l lo w in g  f o r  s t r a i n  
h a rd e n in g  and th u s  t h e  u l t i m a t e  lo a d  from e q u a t io n  3 ( i i ) .  The 
u l t i m a t e  lo a d s  a re  g iv e n  i n  T a b le  3 .2  (column 13) and th e  r a t i o  
Wu ( te s t ) /W u  ( t h e o r e t i c a l )  i n  column 14. The a v e ra g e  v a lu e  
o f  t h i s  r a t i o  i s  1 .1  and i s  a  much c l o s e r  com parison  w i th  th o s e
g iv e n  i n  column 12 w hich  a r e  b a s e d  on th e  y i e l d  s t r e s s  o f  t h e
l o n g i t u n d i n a l  r e i n f o r c e m e n t .
An e s t i m a t e  o f  th e  c o n c r e te  s t r e s s  can be  made from 
c o n s i d e r a t i o n s  o f  l o n g i t u d i n a l  e q u i l i b r i u m  a t  f a i l u r e ,  th u s
f c  =    3 ( v i i i )xb
From e q u a t io n  3 ( v i i i )  f o r  t h e  t h r e e  s t e e l  a r e a s  3 1 2 .5 ,  469 and 
2625 mm th e  c o r r e s p o n d in g  c o n c r e te  s t r e s s e s  a re  2 9 .9 ,  44 .92  
2 .and 59 .9  N/mm r e s p e c t i v e l y .  These s t r e s s e s  ran g e  from  a p p ro x im a te ly  
100 p e r c e n t  to  200 p e r c e n t  o f  th e  s p e c i f i e d  cube s t r e n g t h .  T h is
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i n c r e a s e  i n  a p p a re n t  s t r e n g t h  o f  th e  c o n c re te  i s  p o s s i b l y  due to  
th e  lo a d in g  p l a t e  i n t r o d u c in g  a c o n f in in g  e f f e c t  on th e  f a i l i n g  
c o n c r e te  zone unde r  th e  p l a t e .  The lo a d in g  p l a t e  d im en s ions  a re  
150 mm X 100 mm and th u s  a t  f a i l u r e  th e  average  b e a r i n g  s t r e s s e s  
un d e r  th e  p l a t e  may be e s t im a te d  and a r e  l i s t e d  i n  T ab le  3 .3  below.
TABLE 3 .3  Average b e a r i n g  p r e s s u r e s  under  lo a d in g  p l a t e
Beam A B C D E F G H I  9 J
Average
b e a r i n g
s t r e s s
N/mm^
2 .67 6 .13 6 .4 6 .47 3 .06 3 .00 8.67 8 .54 9 .2 1 9 .54
C o n c re te
s t r e n g t h
N/mrn^
25 .6 24 .6 3 6 .8 36 .8 31 .5 30 .6 33.2 31 .4 32 .1 31 .9
The r e l a t i v e l y  c lo s e  s p a c in g  o f  th e  l i n k s  w i l l  a l s o  have  a 
b in d in g  e f f e c t  on th e  c o n c r e te  i n  th e  com pression  z o n e ,  see  
C h a p te r  4. ,
• The i n f l u e n c e  o f  th e  w id th  o f  lo a d in g  p l a t e  on th e  
r o t a t i o n  c a p a c i ty  o f  r e i n f o r c e d  c o n c re te  members has  been  
i n v e s t i g a t e d  by C h an d rasek h a r  & F a lk n e r  (3 3 ) .  T h is  work i s  
c o n s id e r e d  f u r t h e r  i n  C h ap te r  4, b u t  th e  g e n e ra l  c o n c lu s io n  from 
t h e i r  t e s t s  i s  t h a t  th e  i n e l a s t i c  d e fo rm a t io n s  o f  r e i n f o r c e d  
c o n c r e te  h in g in g  r e g io n s  a r e  a d v e r s e ly  i n f lu e n c e d  by a  na rrow  
w id th  of  lo a d in g  p l a t e .  ■ -
Thus i t  can be c o nc luded  t h a t  th e  r e s u l t s  o b t a in e d  by 
t h e  A uthor have been  i n f l u e n c e d  by th e  w id th  o f  t h e  l o a d in g  p l a t e s ,
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I n  a p r a c t i c a l  s i t u a t i o n  column s u p p o r t s  w i l l  p r o v id e  a r e l a t i v e l y  
l a r g e  b e a r i n g  a r e a  and t h i s  sh o u ld  have a b e n e f i c i a l  e f f e c t  on 
th e  h in g e  r o t a t i o n  c a p a c i t y .  R o ta t i o n  c a p a c i t i e s  o f  th e  h in g in g  
r e g i o n s  o f  r e i n f o r c e d  c o n c re te  beams a re  th e  s u b j e c t  o f  th e  f o l lo w in g  
c h a p te r .
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CHAPTER A
HINGE ROTATION CALCULATIONS
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4 .0 0  HINGE ROTATION.CALCULATIONS
4 .0 1  INTRODUCTION
The work o f  J . F .  Baker ( 1) e n a b le d  th e  c o l l a p s e  load  
o f  m ild  s t e e l  beams and fram es to  be e s t im a te d  some t h i r t y  f i v e  
y e a r s  ago and by th e  e a r l y  1950*s th e  a p p l i c a t i o n  o f  p l a s t i c  
th e o r y  to  s im p le  s t e e l  s t r u c t u r e s  was b e in g  used  i n  d e s ig n  
o f f i c e s .  As i n d i c a t e d  p r e v i o u s l y ,  t h e  i n e l a s t i c  b e h a v io u r  o f  
r e i n f o r c e d  c o n c r e te  was a p p r e c i a t e d  a t  th e  b e g in n in g  o f  th e  
2 0 th  C en tury  b u t  u n t i l  r e c e n t l y  t h e r e  was l i t t l e  p u b l i s h e d  
i n f o r m a t io n  r e g a r d in g  t h e  a p p l i c a t i o n  o f  p l a s t i c  th e o r y  t o  th e  
d é s ig n  o f  r e i n f o r c e d  c o n c r e te  beams. P o s i t i v e  p r o p o s a l s  f o r  th e  
p l a s t i c  a n a l y s i s  o f  r e i n f o r c e d  c o n c r e te  members were p io n e e r e d  
i n  t h i s  c o u n try  by A .L .L . B aker and i n  1956 h i s  book on u l t i m a t e  
lo a d  th e o r y  was p u b l i s h e d  (26) and gave recom m endations f o r  t h e  
d e s ig n  o f  c o n c r e te  beams and fram es which i n c o r p o r a t e d  th e  concep t  
o f  a p l a s t i c  h in g e  and e x p r e s s io n s  f o r  e s t i m a t in g  p e r m i s s i b l e  
and a c t u a l  h in g e  r o t a t i o n s .  The b a s i s  o f  B a k e r ’ s app roach  i s  t h a t  
a  h in g e  dev e lo p ed  i n  a  r e i n f o r c e d  c o n c re te  member, ca n ,  s u b j e c t  
to  c e r t a i n  l i m i t a t i o n s ,  undergo  c o n s id e r a b l e  r o t a t i o n  a t  
s u b s t a n t i a l l y  c o n s t a n t  moment. I n  a  c o n tin u o u s  beam p l a s t i c i t y  
w i l l  deve lop  a t  p o i n t s  o f  maximum s t r e s s  f o r  e l a s t i c  c o n d i t io n s  
w hich  w i l l  g e n e r a l l y  be a t  th e  s u p p o r t s .  The s t e e l  w i l l  y i e l d  
' a t  th e  s u p p o r t s  o v e r  a s h o r t  l e n g t h  o f  th e  beam r e s u l t i n g  i n  a 
s o - c a l l e d  p l a s t i c  h in g e .  I f  i t  i s  assumed a t  t h i s  s t a g e  t h a t  t h e  
beam h a s  an i d e a l i s e d  m o m e n t / r o ta t io n  c u rv e .  F i g .  4 . 1 ,  f u r t h e r
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Fig . 4 .1 Idealised moment/rotation curve.
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Fig . 4 .2  (a) beam statically determinate-four hinges
(b) mechanism due to formation of further 
hinge
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r o t a t i o n  o f  th e  h in g e  can ta k e  p l a c e  a t  s u b s t a n t i a l l y  c o n s t a n t  
moment. For a beam c o n t in u o u s  over  say  f i v e  s p a n s ,  t h e  sys tem  
w i l l  become s t a t i c a l l y  d e te r m in a te  i f  f o u r  p l a s t i c  h in g e s  a re  
d e v e lo p e d ,  F ig .  4 .2 .  The a p p l i e d  lo a d  a t  t h i s  c o n d i t io n  i s  
term ed  th e  u l t i m a t e  lo a d .  The members betw een th e  h in g e s  a re  
d e s ig n e d  to  r e s i s t ,  w i th o u t  t h e  s t e e l  y i e l d i n g  th e  b e n d in g  
moments i n c u r r e d  when th e  f o u r  h in g e s  have form ed. C o l la p s e  w i l l  
o c c u r  when a f u r t h e r  h in g e  h as  formed betw een t h e  s u p p o r t s ,  
r e s u l t i n g  i n  a m echanism. F i g .  4 .2 .  The c o l l a p s e  lo a d  w i l l  
exceed  th e  u l t i m a t e  lo a d  by a sm a l l  in c re m e n t  i n  lo a d  c o r r e s ­
pond ing  t o  th e  e x c e s s  i n  b e n d in g  s t r e n g t h  p ro v id e d  a t  m idspan 
t o  avo id  y i e l d i n g  be tw een  th e  s u p p o r t s  and th u s  th e  fo rm a t io n  o f  
a mechanism. T h is  p r o c e d u r e ,  a l th o u g h  s im ple  i n  c o n c e p t ,  r e q u i r e s  
t h e  e s t i m a t i o n  o f  a c t u a l  and p e r m i s s i b l e  h in g e  r o t a t i o n s .  The 
a c t u a l  h in g e  r o t a t i o n  sh o u ld  be l e s s  th a n  th e  p e r m i s s i b l e  v a lu e  
i n  o r d e r  f o r  r e q u i r e d  moments to  be d e v e lo p e d .
I n  1958 th e  I n s t i t u t i o n  o f  C i v i l  E n g in e e r s  a p p o in te d  
a Committee to  r ev ie w  e x i s t i n g  knowledge in  r e g a rd  to  l i m i t  
d e s ig n  o f  r e i n f o r c e d  c o n c re te  w i th  s p e c i a l  r e f e r e n c e  t o
(a)  Fundam enta l th e o ry
(b) A p p l i c a t io n  i n  d e s ig n
(c)  P r e s e n t  codes o f  p r a c t i c e .
The Committee*s r e p o r t  was i s s u e d  i n  F e b ru a ry  1962 (27) 
w hich gave p a ra m e te rs  f o r  a p p l i c a t i o n  i n  d e s ig n  b a se d  on th e
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c a l c u l a t i o n  o f  p e r m i s s i b l e  and a c t u a l  h in g e  r o t a t i o n s .  The 
fo l lo w in g  s e c t i o n  c o v e rs  t h e  deve lopm ent o f  t h e  r e l e v a n t  
e q u a t io n s  f o r  a p l a s t i c  h in g e  d e s ig n  as recommended i n  th e  
ICE r e p o r t .
A.02 HINGE ROTATION CALCULATIONS IN ACCORDANCE WITH THE ICE 
REPORT ; UI.TIMATE LOAD DESIGN OF CONCRETE STRUCTURES
The r e p o r t  d e a l s  w i th  t h e  a n a l y s i s  o f  b o th  beams and 
fram es b u t  th e  f o l lo w in g  r e l a t e s  to  beams o n ly .  I n  a 
c o n t in u o u s  beam system  u n d e r  i n c r e a s i n g  lo a d  p l a s t i c i t y  
d e v e lo p s  a t  p o i n t s  o f  maximum s t r e s s  which w i l l  g e n e r a l l y  
o c c u r  a t  s u p p o r t s .  As t h e  lo a d  i n c r e a s e s  p l a s t i c i t y  e x te n d s  
a lo n g  th e  member so t h a t  o v e r  a s h o r t  p l a s t i c  l e n g t h  a l a r g e  
change i s  s lo p e  o c c u rs  c a u s in g  an an g le  o f  d i s c o n t i n u i t y  
betw een  th e  e l a s t i c  p a r t s  o f  th e  member on e i t h e r  s id e  of th e  
s h o r t  p l a s t i c  l e n g t h .  The change o f  s lo p e  a lo n g  th e  s h o r t  p l a s t i c  
l e n g th  o f  t h e  member i s  r e f e r r e d  t o  as th e  r o t a t i o n  o f  th e  h in g e .
L e t  = a v e ra g e  s t r a i n  o f  th e  c o n c re te  a t  th e
co m p ress iv e  edge which o c c u rs  be tw een  y i e l d i n g  
o f  t h e  s t e e l  and c ru s h in g  o f  t h e  c o n c r e te  
r  = r a d i u s  o f  c u r v a tu r e  o f  edge i n  com pression
0 = change o f  s lo p e  a lo n g  p l a s t i c  l e n g th  Ip
Ip  = l e n g t h  o f  member o v e r  w hich  c o n c r e te  i s  i n
e f f e c t  p l a s t i c
n-ud = d e p th  o f  n e u t r a l  a x i s  a t  i n s t a n t  c o n c r e te  i s
c ru sh e d
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steel steel
strain strain
at due to
yield ^j ie ld
e^  represents change 
in concrete strain
Ultimate
strain
concrete
nud
F ig . 4, 3 Assumed strain distribution for derivation of hinge 
rotation 0p in ICE report (1962).
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The s t r a i n  d i s t r i b u t i o n  w i l l  be as i n  F ig .  4 .3  and 
th e  l e n g th  Ip a f t e r  p l a s t i c  d e fo rm a t io n  i s  shown i n  F ig .  4 .4 .  
Thus, © may be e x p re s s e d  i n  th e  form
e = Ip  -  ip  e c  = Ip + e c  . ( - î ^ ^ ) l p
d + r
th u s
(d+ r)  ( I p - l p  ec )  *= r i p  + r e c  
w hich  re d u c e s  to
B niid ( 1 -e c )  
^ e c
now
Ip (1 -e c )  
r
t h u s Ip  ec  
nud6p
From F ig .  4 .5 ,  ec  i s  g iv e n  by
e c  = ecu  “ ece
t h u s  0p =  —  ^ Ip ..................................4 ( i )
T h is  i s  i d e n t i c a l  t o  e q u a t io n  8 i n  t h e  ICE r e p o r t .  The
e q u i v a l e n t  p l a s t i c  l e n g t h  o v e r  w hich  r o t a t i o n  o c c u rs  a t  
c o n s ta n t  c u r v a tu r e  i s  g iv e n  i n  th e  R eport  as
. ,  IIp  = kg kg Oj) d ................................4 ( i i )
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Fig, 4 .4  The length Ip after plastic deformation.
c e e u
Strain 0 .002 0 .0035
F ig, 4 . 5 Idealised s tr e ss /s tr a in  relation for 
concrete in ICE report (1962).
CORRECTION
Equation 4 ( iv )  on page 93 should read as fo llo w s : 
ecu = 0 .0015 I 1 + 1.5p" + (0 .7j^ l  -  O .lp")
Note th is  equation  i s  used on pages 116 and 126 .
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where i s  a p a ra m e te r  r e l a t i n g  t o  th e  type  o f  r e in f o rc e m e n t
-  0 .7  f o r  m ild  s t e e l  and 0 .9  f o r  c o ld  worked s t e e l
kg, i s  a p a ra m e te r  r e l a t i n g  to  th e  i n f l u e n c e  o f  a x i a l
lo a d  which w i l l  be  ta k e n  as u n i ty
k^ i s  a  p a ra m e te r  r e l a t i n g  to  t h e  s t r e n g t h  o f  c o n c re te
2 2 “ 0 . 6  f o r  f e u  = 42 N/inm i n c r e a s i n g  t o  0 .9  f o r  f e u  = 14 N/mm.. .
The a p p l i c a t i o n  o f  e q u a t io n s  4 ( i )  and ( i i )  i s  
d e m o n s t ra te d  i n  C h ap te r  5 and i t  i s  a p p a re n t  t h a t  th e y  a r e  some­
w hat r e s t r i c t i v e .
I n  1965 Baker and Amarakone p r e s e n te d  a  p a p e r  a t  a 
j o i n t  m ee t in g  o f  th e  Cement and C o n c re te  A s s o c i a t i o n ,  th e  
I n s t i t u t i o n  o f  C i v i l  E n g in e e r s ,  th e  I n s t i t u t i o n  o f  S t r u c t u r a l  
E n g in e e r s  and th e  R e in fo rc e d  C o n c re te  A s s o c ia t io n  (34) which 
gave a r e v i s e d  fo rm u la  f o r  c a l c u l a t i n g  0p. E q u a t io n  4 ( i )  g iv e s  
low r e s u l t s  when nu i s  ab o u t  0 .5  w hich can be r e s t r i c t i v e  i n  th e  
d e s ig n  o f  beams. The r e v i s e d  fo rm u la  i s  g iv e n  below
where ecu  = 0 .0015
p = 0 .8  (ecu  “ Gee) k^ (~)  4 ( i i i )
j l + 1 . 5 p ”  + (0 .7  -  0 . 1 p ” ^ i  ...........4 ( iv )
and p = p e r c e n ta g e  o f  b in d e r s  (volume r a t i o )
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The p r e s e n c e  o f  l i n k s  w i l l  r e s t r a i n  t h e  ten d en cy  o f  
t h e  c o n c re te  to  expand t r a n s v e r s e l y  when com pressed and a 
r e l a t i v e l y  sm a l l  p e r c e n ta g e  o f  l i n k s  w i l l  i n c r e a s e  t h e  v a lu e  o f  
ecu  s i g n i f i c a n t l y  and th u s  t h e  p e r m i s s i b l e  h in g e  r o t a t i o n  0p. 
The f o l lo w in g  t a b l e  g iv e s  th e  v a lu e  o f  ecu  f o r  p * ' r a n g in g  
from  z e ro  to  2 .0  p e r c e n t  w i th  nu = 0 . 5 ,  0 . 4 ,  0 . 3 ,  0 .2
p " 0 0 .2 5 0 .5 0 .75 1 .0 1.25 1 .5 1 .75 2 .0
®cu
n u = 0 .5 0 .0036 0 .0041 0 .0046 0 .0051 0.0056 0.006 0.0065 0 .007 0.0075
n u = 0 .4 0 .0041 0.0046 0 .0051 0.0055 0.006 0.0065 0.0069 0 .0074 0.0079
n u = 0 .3 0 .005 0.0054 0.0059 0.0063 0 .0058 0.0072 0.0076 0 .0081 0 .0085
nuK ). 2 0 .0068 0 .0071 0.0075 0.0079 0.0083 0.0086 0 .009 0 .0094 0 .0098
TABLE 4 .1 V alues  o f  e^^from  E q u a t io n  4 ( iv )
I t  s h o u ld  be  n o te d  t h a t  th e  v a lu e s  o f  6p g iv e n  i n  
e q u a t io n  4 ( i i i )  r e l a t e  t o  one s id e  o f  th e  c r i t i c a l  s e c t i o n .
The p ro c e d u r e  f o r  e s t i m a t i n g  th e  a c tu a l ,  h in g e  r o t a t i o n  
g iv e n  i n  b o th  th e  1962 R ep o r t  (27) and th e  1965 p r o p o s a l s  (34) i s  
b a sed  on th e  a ssu m p tio n  t h a t  members betw een h in g e s  have a 
l i n e a r  m o m e n t/c u rv a tu re  r e l a t i o n .  The v a lu e  o f  th e  f l e x u r a l  
r i g i d i t y  E l  i s  t a k e n  as a  c o n s t a n t  q u a n t i t y  and a s a f e  minimum 
e s t i m a t i o n  can be o b ta in e d  from  e q u a t io n  1 ( iv )  w hich  r e l a t é s  
t o  th e  c ra c k e d  t r a n s fo rm e d  s e c t i o n ,  t h a t  i s
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E l  = p Es (1 -^ )  bd^
w i t h  t h e  r o t a t i o n  as g iv e n  i n  C hap te r  1.
The s im p l e s t  method o f  d e te rm in in g  th e  r o t a t i o n  i s  
to  lo a d  th e  beam w i t h  t h e  M/EI d iag ram  and to  d e te rm in e  th e  
r e a c t i o n s  a t  th e  s u p p o r t s .  Thus f o r  t h e  case  o f  a  two span  
beam shown i n  F ig .  4 .6  t h e  r o t a t i o n  0B a t  s u p p o r t  B may be  
e x p re s s e d  as
eB = Mo" MpL^  I
-  i  MpL  ^ i j
~ j^ ( M o ^  -  Mp) + (Mo^ -  Mp) L ^ , , .  .4 (v)3EI
where Mp = p l a s t i c  moment a t  s u p p o r t  B
2and Mo’ and Mo = r e p r e s e n t  t h e  s im p le  beam moments f o r
sp an s  and r e s p e c t i v e l y  (u n ifo rm ly  
d i s t r i b u t e d  lo a d i n g ) .
A common d e s ig n  s i t u a t i o n  i s  a  c o n t in u o u s  beam w i th  e q u a l  spans 
and f o r  t h e  n o t a t i o n  shown i n  F ig .  4 .7  th e  r o t a t i o n  a t  an 
i n t e r m e d i a t e  s u p p o r t  B w i l l  be g iv en  by
Mo L Y Y 2 -  MA L ^  "  MC L 1
-  .(MB-MC) Y L Y -  (MB-MA) I  ^  f  j
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Af El constant B
Mp
Fig . 4 .6  Beam loaded with M/EI diagram to give 
rotation 0b at B.
El constant
Mb
MeMa
Mo Mo
F ig, 4. 7 Continuous beam with equal spans.
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~  1^2(Mo -  MB) -  j  (MA + MC)| 4 ( v i )“ 3EI
The above e x p r e s s io n s  f o r  6B w i l l  te n d  t o  o v e r - e s t i m a t e  
t h e  r o t a t i o n  i f  t h e  v a lu e  o f  E l  i s  b a sed  on th e  c ra c k e d  t r a n s fo rm e d  
s e c t i o n  w hich i s  d e s i r a b l e  from  d e s ig n  c o n s i d e r a t i o n s .
4 .0 3  OTHER INVESTIGATIONS
A s e r i e s  o f  t e s t s  was c a r r i e d  o u t  by Base and Read to  
d e te rm in e  th e  e f f e c t i v e n e s s  o f  h e l i c a l  b in d in g  i n  t h e  com press ion  
zone o f  c o n c re te  beams and th e  r e s u l t s  were p u b l i s h e d  i n  a c & C A 
t e c h n i c a l  r e p o r t  i n  J u l y  1964 (35 ) .  The beams (s im p ly  s u p p o r te d )  
w ere  t e s t e d  by p o i n t  l o a d in g  a t  m idspan and th e  l o n g i t u d i n a l  
r e i n f o r c e m e n t  p e r c e n ta g e  was v a r i e d  t o  p roduce  u n d e r - r e i n f o r c e d  
and o v e r - r e i n f o r c e d  s e c t i o n s .  Comparisons were made betw een 
beams c o n ta i n in g  h e l i c e s ,  beams c o n ta i n in g  r e c t a n g u l a r  s t i r r u p s  a t  
d i f f e r e n t  s p a c in g s  and beams c o n ta i n in g  b o th ,  A summary o f  th e  
r e s u l t s  o f  t h e s e  t e s t s  i s  as fo l lo w s  ;
(a)  U n d e r - r e in f o r c e d  c o n c r e te  beams p ro b a b ly  have  more th a n  
a d e q u a te  p l a s t i c i t y  a t  f a i l u r e  and sh o u ld  n o t  r e q u i r e  
any s e co n d a ry  r e in f o r c e m e n t  a t  h in g e s .
(b) The b a la n c e d  r e i n f o r c e d  c o n c re te  beams f a i l e d  i n  a  
r a t h e r  more b r i t t l e  m anner, b u t  v e ry  much improved 
m o m e n t / r o ta t io n  c h a r a c t e r i s t i c s  can be o b ta in e d  by th e
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use  o f  seco n d a ry  r e in f o rc e m e n t  -  t a k i n g  th e  form o f  
l i n k s  o r  h e l i c e s .  The h e l i c e s  ap peared  to  be more 
economic th a n  s t i r r u p s  i n  term s o f  w e ig h t  o f  s t e e l .
B aker (26) has  a l s o  shown t h a t  c o n c re te  t h a t  i s  w e l l  
bound has  a  l i m i t i n g  s t r a i n  o f  s e v e r a l  t im es  th e  
unbound v a lu e .
(c)  O v e r - r e in f o r c e d  c o n c r e te  beams f a i l e d  i n  a v e ry  b r i t t l e  
manner and to  p roduce  an i d e a l i s e d  m o m e n t/c u rv a tu re  
r e l a t i o n s h i p  a  co m b in a tio n  o f  h e l i c e s  and c lo s e l y  
sp aced  l i n k s  a p p e a re d  t o  be n e c e s s a r y .
(d) In  beams i n  w hich  th e  main r e in f o rc e m e n t  was h ig h  
t e n s i l e  s t e e l  w i t h  a  c o n t in u o u s  s t r e s s / s t r a i n  
c h a r a c t e r i s t i c  (no d e f i n i t e  y i e l d  p o i n t ) ,  t h e  e f f e c t  
o f  h e l i c a l  b in d in g  was to  i n c r e a s e  th e  maximum moment 
o f  r e s i s t a n c e  o f  th e  p l a s t i c  h in g e  t o  a v a lu e  
s i g n i f i c a n t l y  h ig h e r  th a n  t h a t  o b t a i n a b le  i n  such a 
beam w i th o u t  a h e l i x .
The g e n e r a l  c o n c lu s io n  from  th e  t e s t s  was t h a t  any 
c o n c re te  s e c t i o n  can be  g iv e n  ad e q u a te  p l a s t i c i t y  by s u i t a b l e  
seco n d a ry  r e i n f o r c e m e n t  and b r i t t l e  f a i l u r e  can be  c o m p le te ly  
e l i m i n a t e d .  However, no p o s i t i v e  d e s ig n  p r o p o s a l s  were g iv e n .
The r o t a t i o n a l  c a p a c i ty  o f  h in g in g  r e g io n s  i n  r e i n f o r c e d  
c o n c r e te  beams has  a l s o  b e e n  i n v e s t i g a t e d  by M attock  & C orley  (36) 
(3 7 ) .  M a t to c k ’ s work was p la n n e d  to  s tu d y  th e  i n f l u e n c e  o f  s e v e r a l
99
v a r i a b l e s  on t h e  moment c u r v a t u r e  r e l a t i o n s h i p s  f o r  r e i n f o r c e d  
c o n c r e te  s e c t i o n s  a d j a c e n t  to  a  s u p p o r t  and on th e  t o t a l  r o t a t i o n a l  
c a p a c i ty  o f  th e  h in g in g  r e g io n s  a d j a c e n t  to  a  s u p p o r t .  I n  
o r d e r  to  s im u la t e  th e  d i s t r i b u t i o n  o f  b e n d in g  moments a d j a c e n t  to  
a  s u p p o r t  i n  a  c o n t in u o u s  beam, most o f  th e  t e s t  specim ens were 
s im p ly  s u p p o r te d  spans  s u b je c t e d  to  a  c o n c e n t r a t e d  lo ad  a t  
m idspan . The h a l f  span  o f  a  s im p le  span beam was in te n d e d  to  
r e p r e s e n t  t h a t  p a r t  o f  a  c o n t in u o u s  beam be tw een  a s u p p o r t  and 
an a d j a c e n t  p o i n t  o f  c o n t r a f l e x u r e ,  s e e  F ig .  4 .8 .  Two g rad e s  
o f  r e in f o r c e m e n t  were u s e d ,  b o th  w i th  w e l l  d e f in e d  y i e l d  p o i n t s ,  
t h e  p e r c e n ta g e  o f  t e n s i o n  r e in f o r c e m e n t  v a ry in g  from  one to  t h r e e .  
The r e s u l t s  o f  t h i s  i n v e s t i g a t i o n  l e d  t o  th e  c o n c lu s io n  t h a t  th e  
maxi^mura c o n c re te  co m p re ss iv e  s t r a i n  i n  a  r e i n f o r c e d  c o n c re te  beam 
a t  a s e c t i o n  o f  maximum moment u n d e r  a  s i n g l e  c o n c e n t r a t e d  lo a d  
o r  o v e r  a s u p p o r t  can be v e ry  much i n  e x c ess  o f  t h e  u s u a l l y  
assumed v a lu e  o f  0 .0 0 3  ( n o te  th e  I .C .E .  r e p o r t  assumes a 
maximum v a lu e  o f  0 .0035  f o r  unbound c o n c re te  w hich  i s  c o n s i s t e n t  
w i t h  E uropean  p r a c t i c e  and CP 1 1 0 ) .  A s a f e  l i m i t i n g  v a lu e  f o r  
t h e  maximum c o n c r e te  c o m p re ss iv e  s t r a i n  r e p r e s e n t e d  i n  t h e  t e s t  
programme i s  g iv en  by th e  t e n t a t i v e  e q u a t io n
e^  = 0 .0 0 3  + 0 .5 /Z  4 ( v i i )
where Z i s  m easured  i n  in c h e s  and i s  th e  d i s t a n c e  from  th e  
s e c t i o n  o f  maximum moment t o  t h e  a d ja c e n t  s e c t i o n  o f  z e ro  moment.
( e^  i s  g iv en  th e  n o t a t i o n  e^^  i n  th e  I .C .E .  r e p o r t . )
A
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sim ple beam
( i ) -  (ii)+(ili) a total
a elastic
a plastic
(iii)
a plastic
Z
continuous beam
B .M .D .
a =  deflection
Fig . 4. 8 The half span of a simply supported beam was intended to 
represent that part of a continuous beam between a support 
and an adjacent point of contraf lexure.
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C orley  t e s t e d  a s e r i e s  o f  40 s im ply  s u p p o r te d  beams 
which were an e x t e n s i o n  o f  th e  work r e p o r t e d  by M attock  and th e  
e f f e c t s  o f  s i z e  o f  t h e  beam and t h e  con finem en t  o f  th e  c o n c re te  
i n  t h e  c o m press ion  zone w ere  i n c lu d e d .  A gain , th e  t e s t s  were 
c o n d u c ted  on s im p le  span  beams lo a d e d  w i th  a c o n c e n t r a t e d  lo a d  
a t  m idspan . C o r ley  a l s o  s t a t e d  t h a t  t h i s  lo a d in g  c l o s e l y  
ap p ro x im ated  to  c o n d i t i o n s  n e a r  s u p p o r t s  and n e a r  p o i n t s  o f  lo a d  
a p p l i c a t i o n  i n  c o n t in u o u s  beams. I t  was o b se rv e d  t h a t  w h i le  th e  
c o n d i t i o n  n e a r  m idspan  o f  a s im p ly  s u p p o r te d ,  c e n t r a l l y  lo ad e d  beam 
i s  s i m i l a r  to  t h a t  n e a r  lo a d  p o i n t s  and s u p p o r t s  o f  a  c o n t in u o u s  
beam s u p p o r te d  by co lum ns, c e r t a i n  obv ious  d i f f e r e n c e s  e x i s t .
One o f  th e  m ost s i g n i f i c a n t  d i f f e r e n c e s  i s  t h a t  lo a d s  a re  
t r a n s m i t t e d  to  t h e  s im p ly  s u p p o r te d  beam th ro u g h  a r a t h e r  s t i f f  
s t e e l  p l a t e  w h i le  th e y  may be  t r a n s m i t t e d  t o  a c o n t in u o u s  beam 
th ro u g h  a l e s s  s t i f f  c o n c r e te  column. The s t e e l  p l a t e  t e n d s  to  
d i s t r i b u t e  th e  lo a d  a lo n g  th e  beam and th e re b y  t e n d s  to  re d u c e  
th e  amount o f  r o t a t i o n  i n  a  s im p ly  s u p p o r te d  beam as compared 
to  t h a t  i n  a c o n t in u o u s  fram e. Thus, th e  t e s t  c o n d i t i o n  may be 
c o n s id e r e d  to  be  more s e v e r e  th a n  t h a t  n o rm a l ly  found i n  a b u i l d i n g  
f ram e .  In  b o th  M a tto c k ’ s and C o r le y ’ s w ork , t h e  e f f e c t s  o f  
u n i fo rm  lo a d  were n o t  i n v e s t i g a t e d .  C orley  s t a t e d  t h a t  no 
s i g n i f i c a n t  change i n  th e  r e s u l t s  o f  t e s t s  w i th  u n i fo rm  lo a d in g  
s h o u ld  be a n t i c i p a t e d  b u t  t h a t  t h i s  a s p e c t  rem ained  to  be s t u d i e d .
I n  C o r l e y ’ s t e s t s  i t  was found t h a t  beams w i th  a 
l a r g e  number o f  c l o s e l y  sp aced  l i n k s  e x h i b i t e d  c o n s id e r a b l y  more
t f
e e
t
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r o t a t i o n a l  c a p a c i t y  th a n  beams w i th  few l i n k s .  T h is  i s  
a t t r i b u t e d  to  an i n c r e a s e  i n  th e  maximum c o n c re te  s t r a i n  caused  
by  a t r i a x i a l  s t a t e  o f  s t r e s s  in d u ced  by th e  b in d in g  e f f e c t  
o f  th e  r e in f o r c e m e n t  i n  th e  com press ion  zone . A s a f e  l i m i t i n g  
v a lu e  o f  t h e  u l t i m a t e  c o n c r e te  s t r a i n  eu was p ro p o se d  as
2
eu -  0 .0 0 3  + 0 .0 2  ~  + (^ 2 ~q~~")  4 ( v i i i )
w here fy  = y i e l d  p o i n t  s t r e s s  o f  l i n k  r e in f o r c e m e n t  ( k s i )  
b = w id th  o f  r e c t a n g u l a r  s e c t i o n
z = d i s t a n c e  from  th e  s e c t i o n  o f  maximum moment to  
th e  a d j a c e n t  s e c t i o n  o f  z e ro  moment 
p ' ’ = th e  r a t i o  o f  th e  volume o f  b in d in g  r e in f o r c e m e n t  
(one s t i r r u p  p lu s  com press ive  s t e e l )  t o  th e  
volume o f  c o n c r e te  bound ( a r e a  e n c lo s e d  by one 
s t i r r u p  m u l t i p l i e d  by th e  s t i r r u p  sp a c in g )
E q u a t io n  4 ( v i i i )  i n d i c a t e s  t h a t  th e  e f f e c t  o f  i n c r e a s e d  beam w id th  
i s  to  i n c r e a s e  t h e  maximum s t r a i n  and t h a t  f u r t h e r  i t  i s  p r o p o r t i o n a l  
t o  th e  sq u a re  o f  p ’ ’ fy..
4 .0 4  INFLUENCE OF WIDTH OF LOADING PLATES
I t  was i n d i c a t e d  i n  C h ap te r  3 t h a t  th e  r o t a t i o n  c a p a c i ty  
o f  r e i n f o r c e d  c o n c r e te  members i s  i n f l u e n c e d  by t h e  w id th  o f  
l o a d in g  p l a t e .  I n  F e b ru a ry  1974 C handrasekkar  and F a lk n e r  (33) 
p u b l i s h e d  th e  r e s u l t s  o f  t e s t s  on seven  i d e n t i c a l  s im ply  s u p p o r te d  
r e i n f o r c e d  c o n c r e te  beams w i t h  lo a d s  a p p l i e d  th ro u g h  lo a d in g  
p l a t e s  o f  v a r y in g  w id th .  A l l  t h e  t e s t  beams were o f  c o n s t a n t  
c r o s s  s e c t i o n  (150 mm x  100 mm) and i d e n t i c a l l y  r e i n f o r c e d  w i th
103
100 -
Mattock'M
75-otH
Experimental resu lts
25- C or ley
Baker and Amarakone
12575 100
Plate width in mm
F ig . 4 .9  Influence of loading plate width on rotation
(Chandrasekhar and Falkner AC I Journal/February  
1974).
7 5 -
g
50 -
I
10 0 .2  5 0 . 50 0 . 75 1 .0  :
Ratio: Bearing stress/cy lin d er  crushing strength
F ig . 4 .10 Relation between plastic rotation and bearing 
str ess  under loading plate (Chandraseldiar and 
Falkner, ACI Journal/February 1974).
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3 -  10 Iran t e n s i l e  b a r s .  The l i n k s  were 5 iran d ia m e te r  and
p la c e d  a t  75 ram c e n t r e s .  Two o f  th e  beams were lo ad e d  a t  0 .3 8
span  p o i n t s  and th e  re m a in d e r  a t  m idspan , th e  spans  b e in g  2 ,4 4  m
and 1 .83  m r e s p e c t i v e l y .  The s t r e s s  i n  t h e  t e n s i o n  r e in f o rc e m e n t
2a t  0 .2  p e r c e n t  p r o o f  s t r a i n  was 478 N/mm . The r o t a t i o n  
c a p a c i t i e s  o f  th e  beams were c a l c u l a t e d  u s in g  e x p r e s s io n s  
recommended by B aker and Amarakone, M attock and C o r le y .  The 
w id th  o f  t h e  lo a d in g  p l a t e  v a r i e d  from  6 mm to  150 mm. The 
c o n c lu s io n s  drawn from  th e  t e s t s  were as fo l lo w s  :
(a )  A lo a d in g  p l a t e  i n t r o d u c e s  a c o n f in in g  e f f e c t  on 
th e  f a i l i n g  c o n c r e te  zone under  th e  p l a t e ,  which 
a f f e c t s  th e  d e fo rm a t io n s  and c a r r y in g  c a p a c i ty  o f  
f l e x u r a l  members.
(b) The r o t a t i o n  c a p a c i ty  o f  h in g in g  r e g io n s  i s  
c o n s id e r a b ly  i n f l u e n c e d  by th e  w id th  o f  th e  lo a d in g  
p l a t e .  The i n e l a s t i c  r o t a t i o n  i s  c o n s id e r a b ly  
red u c e d  when th e  lo a d s  a r e  a p p l i e d  to  t e s t  beams 
th ro u g h  na rrow  b e a r i n g  p l a t e s .  When th e  b e a r in g  
s t r e s s  i s  s m a l l  -  l e s s  th a n  abou t t e n  p e r c e n t  o f  t h e  
c y l i n d e r  c r u s h in g  s t r e n g t h  o f  t h e  c o n c r e t e ,  t h i s  
i n f l u e n c e  i s  n o t  s i g n i f i c a n t .  These c o n c lu s io n s  a r e  
i n d i c a t e d  g r a p h i c a l l y  i n  F ig s .  4 .9  and 4 .1 0 .
In  t h e  a u t h o r ' s  t e s t s ,  t h e  w id th  o f  b e a r i n g  p l a t e  
was c o n s t a n t  a t  100 mm and th e  r e l a t i o n s h i p  betw een 
t h e  a v e ra g e  b e a r i n g  s t r e s s  and th e  c o n c r e te  c ru s h in g
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s t r e n g t h  (cu b es)  i s  shown i n  T ab le  3 .3 .  I t  i s  
a p p a re n t  t h a t  t h e  r a t i o  av e ra g e  b e a r in g  p r e s s u r e  
t o  cube s t r e n g t h  i s  most c a se s  g r e a t e r  th a n  0 .1
(c) The r o t a t i o n  c a p a c i t i e s  o f  th e  t e s t  beams c a l c u l a t e d  
by C o r l e y 's  e x p r e s s io n  gave r e s u l t s  c lo s e  to  
e x p e r im e n ta l  v a lu e s  (3 3 ) .  B a k e r ’ s v a lu e s  were 
c o n s e r v a t i v e  and M a t to c k 's  v a lu e s  were on th e  u n s a fe  
s i d e .
4 .05  INFLUENCE OF SHEAR ON ROTATION CAPACITY
A f u r t h e r  c o n s i d e r a t i o n  i n  th e  e s t i m a t i o n  o f  t h e  
r o t a t i o n  c a p a c i ty  o f  r e i n f o r c e d  c o n c re te  beams i s  t h e  i n f l u e n c e  
o f  s h e a r  f o r c e s  a t  h in g e  r e g i o n s .  I n  M a t to c k 's  and C o r l e y 's  
t e s t s  s h e a r  was n o t  c o n s id e r e d  s p e c i f i c a l l y  as a  v a r i a b l e  b u t  
M attock  shows t h a t  t h e  u l t i m a t e  s t r a i n  i n  t h e  c o n c re te  i s  
i n c r e a s e d  as th e  s h e a r  f o r c e  i s  i n c r e a s e d .  C ran s to n  and 
Reynolds (38) have r e p o r t e d  t h a t  a more d e t a i l e d  s tu d y  o f  
C o r l e y 's  t e s t s  (beam N5) (37) shows t h a t  on o c c a s io n s  th e  f i n a l  f a i l u r e  
i s  accompanied by s e v e r e  s h e a r  d e fo r m a t io n .  I t  i s  c u r r e n t  d e s ig n  
p h i lo s o p h y  t o  p r o p o r t i o n  r e i n f o r c e d  c o n c re te  s e c t i o n s  t o  e n s u re  
t h a t  th e  f u l l  f l e x u r a l  c a p a c i ty  i s  re a c h e d  p r i o r  t o  s h e a r  f a i l u r e  , 
w hich  i s  e s s e n t i a l l y  o f  a b r i t t l e  n a t u r e .
T e s t s  c a r r i e d  o u t  by C ra n s to n  and Reynolds were aimed 
a t  e s t a b l i s h i n g  w he the r  a  r e d u c t i o n  in  r o t a t i o n  c a p a c i ty  co u ld  
o c c u r  a t  l e v e l s  o f  s h e a r  lo a d in g  up to  th e  d e s ig n  c a p a c i ty  
a s s e s s e d  i n  a c co rd a n ce  w i th  th e  d r a f t  v e r s i o n  o f  CP 110.
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T h e i r  g e n e r a l  c o n c lu s io n  was t h a t  s h e a r  f o r c e  has 
on ly  a m a rg in a l  i n f l u e n c e  on r o t a t i o n  c a p a c i ty ,  p ro v id e d  t h a t  
t h e  members co ncerned  a r e  d e s ig n e d  i n  acco rdance  w i th  th e  
d r a f t  B r i t i s h  code f o r  th e  s t r u c t u r a l  u se  o f  c o n c r e t e .
However, i t  sh o u ld  be n o te d  t h a t  t h e r e  a r e  m inor d i f f e r e n c e s  
be tw een  th e  s h e a r  c l a u s e s  i n  th e  d r a f t  v e r s i o n  and th o s e  g iv en  
i n  f i n a l  document CP 110: P a r t  1: 1972. I t  i s  th e  a u t h o r ' s  
v iew  t h a t  th e s e  d i f f e r e n c e s  w i l l  n o t  i n v a l i d a t e  th e  c o n c lu s io n s  
drawn by C ra n s to n  and R eyno lds .
In  C hap te r  5 two c a se  s t u d i e s  a re  g iv en  w hich 
d e m o n s t ra te  th e  u se  o f  h in g e  r o t a t i o n  c a l c u l a t i o n s  i n  two 
t y p i c a l  d e s ig n  s i t u a t i o n s .
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5 .0 0  TWO CASE STUDIES
5 .0 1  INTRODUCTION
I n  th e  mid 1960’ s t h e  a u th o r  was r e s p o n s i b l e  f o r  th e  
p r e p a r a t i o n  o f  a d e s ig n  o f f i c e  manual which was in te n d e d  to  
p r e s e n t  i n  p r a c t i c a l  form r e l e v a n t  in f o r m a t io n  from  c u r r e n t  
r e s e a r c h  d a t a  and r e p o r t s .  A s e c t i o n  o f  t h i s  m anual was 
de v o te d  t o  th e  d e s ig n  o f  c o n t in u o u s  r e i n f o r c e d  c o n c r e te  beams 
and th e  u se  o f  th e  p l a s t i c  h in g e  method was p r e s e n t e d  as an 
a l t e r n a t i v e  to  th e  c u r r e n t  p r o c e d u re  g iv en  i n  CP114, t h a t  i s ,  an 
e l a s t i c  d i s t r i b u t i o n  o f  moments (w i th  up to  15 p e r c e n t  
r e d i s t r i b u t i o n )  and th e  lo a d  f a c t o r  app roach  f o r  s e c t i o n  a n a l y s i s  
Running c o n c u r r e n t l y  w i th  t h i s  work was th e  developm ent o f  a 
com puter programme f o r  th e  a n a l y s i s  o f  c o n tin u o u s  c o n c re te  
beam s, a g a in  b a sed  on e l a s t i c  t h e o r y  (3 9 ) .
As a t e s t  c a sé  i t  was d e c id e d  t o  u se  t h e  p l a s t i c  
h in g e  approach  f o r  t h e  d e s ig n  o f  c o n tin u o u s  r e i n f o r c e d  c o n c re te  
s p in e  beams fo rm ing  p a r t  o f  t h e  f l o o r  s t r u c t u r e  f o r  a  g e n e r a l  
h o s p i t a l .  The c a l c u l a t i o n  p r o c e d u re  adop ted  i s  g iv e n  below  ;
(a )  d e te rm in e  s u p p o r t  and span  moments b a sed  on s im p le  p l a s t i c  
th e o ry
(b) c a l c u l a t e  s u p p o r t  and span  r e in f o rc e m e n t  f o r  b e nd ing
(c )  d e te rm in e  s h e a r  r e in f o r c e m e n t  r e q u i r e m e n ts
(d) e s t i m a t e  p e r m i s s i b l e  and a c t u a l  h in g e  r o t a t i o n s
(e )  check s e r v i c e a b i l i t y  r e q u i r e m e n ts  a t  w ork ing  l o a d ,c r a c k s
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w id th s  and d e f l e c t i o n .
5 .0 2  SPINE BEAMS FOR FLOOR STRUCTURE OF A GENERAL HOSPITAL
The o r i g i n a l  c a l c u l a t i o n s  were p r e p a r e d  i n  I m p e r ia l  
u n i t s  and th e  ap p ro x im ate  m e t r i c  e q u iv a l e n t s  a r e  as f o l l o w s .
The beams a re  c o n t in u o u s  o v e r  f i v e  e q u a l  spans o f  6 .1 5  m and 
s u b je c t e d  to  a  dead lo a d  o f  3 .57  KN/m and imposed lo a d  o f  
1 . 53 KN/m. The s e c t i o n  d im en s io n s  a r e  shown on F ig .  5 .1  and 
th e  m a t e r i a l  s t r e n g t h s  u se d  were :
c o n c r e te  c r u s h in g  s t r e n g t h  31 ^/mm^ 
y i e l d  s t r e n g t h  o f  l o n g i t u d i n a l  r e in f o r c e m e n t  
414 ^/mm^ ( c o ld  w orked ) .
N o t in g  t h a t  t h i s  d e s ig n  was c a r r i e d  o u t  p r i o r  t o  t h e  i n t r o d u c t i o n  
o f  p a r t i a l  s a f e t y  f a c t o r s  i n  codes o f  p r a c t i c e ,  a g l o b a l  lo a d  
f a c t o r  o f  2 .0  was a d o p te d .  The c a l c u l a t i o n s  w i l l  be  d ev e lo p ed  
c o n s id e r in g  th e  end span  AB o n ly  ( se e  F ig .  5 . 1 ) .  Assuming e q u a l  
s u p p o r t  and span  moments t h e  b e n d in g  moment c o e f f i c i e n t  a t  
u l t i m a t e  c o n d i t io n s  from  s im p le  p l a s t i c  th e o ry  w i l l  be
2
Mu XwL11.65
where X = lo a d  f a c t o r  = 2 .0
u 3 .57  + 1 .53  = 5 .1 0  KN/m
L . = 6 .15  m
Thus Mu . = 2 .0  X 5 .1 0  x 6 .1 5 ^
11.65 
331 KNm
liU
,Wu = 5 .10 KN/m
y x y xA y ^ y \ D
6 .15 6 .15 6 .15
* ^
(a)
o
s m
300
2000
2 6 ^ 5
T
(c) .
F ig . 5,1 (a) spans and loading (b) support section (c) span section
I l l  \:
The r e s i s t a n c e  moment o f  t h e  s e c t i o n  was c a l c u l a t e d  assum ing 
an average  c o n c re te  s t r e s s  a t  f a i l u r e  o f  th e  c r u s h in g  
s t r e n g t h  i n  a c co rd an ce  w i th  CP114. Thus f o r  a maximum n e u t r a l  
a x i s  d e p th  o f  h a l f  t h e  e f f e c t i v e  d e p th
4 dR.M. c o n c r e te  = feu H]
w ith  b ,  t h e  r i b  w id th  a t  th e  s u p p o r t  t a k e n  as 300 mm, th e  
r e q u i r e d  e f f e c t i v e  d e p th  i s  g iv en  by
,2 ■ 6  X 331 X 10^a  = 300 X 31 
d = 462 mm
( o v e r a l l  d e p th ,  say  500 mm)
^  ^  3 3 1 x 1 0 ^A rea  o f  r e in f o rc e m e n t  As = 414 X 0 .7 5  X 462 
2. = 2310 mm
I n  span  AB th e  f l a n g e  b r e a d th  o f  2000 mm was e s t im a te d  
from  CP114, c la u s e  311(e)  and th u s
331 X  10^ . = X f e u  X  2000 x  x
2th u s  X  “ 924x + 24000 = 0
and X  = 26 ,5  mm
r e in f o rc e m e n t  a r e a  i n  span  '= 331 x 10^
414 X (462 -13 :25 )
= 1780 mm^
11?.
In  CPllO : 1972 th e  maximum v a lu e  of th e  l e v e r  arm i s  l i m i t e d
to  0 .9 5  d = 0 .9 5  X 462 = 439 mm
compared w i th  th e  v a lu e  o f  449 mm u s e d  above -  t h e  d i f f e r e n c e  
i s  n o t  s i g n i f i c a n t .
5 .0 3  HINGE ROTATION CALCULATIONS
The p e r m i s s i b l e  h in g e  r o t a t i o n  was f i r s t  c a l c u l a t e d
n e g l e c t i n g  th e  b in d in g  e f f e c t  o f  t h e  s h e a r  r e in f o r c e m e n t  i n
a c co rd an ce  w i th  th e  I .C .E .  r e p o r t  ( 2 7 ) .  The b a s i c  e q u a t io n s  and
n o t a t i o n  a r e  g iv e n  i n  C h a p te r  4 .  The p e r m i s s i b l e  h in g e  r o t a t i o n
on one s id e  o f  t h e  c r i t i c a l  s e c t i o n  i s  g iv en  by
0 p = ( s c u -  ^ce> Ip
nu d
and Ip  = k^ k^ d
The assumed s t r e s s / s t r a i n  r e l a t i o n s h i p  i s  shown i n  F ig .  5 .2  
g iv in g  = 0 .0035
e c e  = 0 .0 0 2
and w i th  k^ = 0 .9  c o ld  worked s t e e l
k^ . = 1 . 0
k j  .  0 .7
z 0 .1 5  L
th u s ,0 .1 5  X 6 .1 5 ,  'Ip  = _ 0 .9  X  0 .7  X  ( - •  0 .A 6 T '"  )
. = 346 ram
The v a lu e  o f  th e  n e u t r a l  a x i s  f a c t o r  nu was d e te rm in e d  by
Fig . 5.2
i i j
1 0m
I
c e
0 .002 0 .0035
cu
strain
0 .686 Mo
0 .5  Mo
Mo Mo
Fig . 5.3
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e q u a t in g  th e  t o t a l  c o m p re ss io n  t o  th e  t o t a l  t e n s i o n  assum ing 
an av e ra g e  s t r e s s  o f  0 .8 5  t im es  th e  c y l i n d e r  s t r e n g t h  fey  
( fe y  'Vi 0 ,8  feu )  .
Thus t o t a l  com press ion
and t o t a l  t e n s i o n  
hence nu
0 .8 5  X 0 .8  X 31 X nu X 300 x 462
6330 X 462 nu
2310 X 414 ( a t  s u p p o r t  B)
2310 X 414
6330 X 462
0 .327
The change i n  s t r a i n  be tw een  and i s  -  6^,^ = 0 .0035  -  
0 ,0 0 2  = 0 .0 0 1 5 .  Thus t h e  r o t a t i o n  on one s id e  o f  t h e  c r i t i c a l
s e c t io n  IS
0p
The p e r m i s s i b l e  r o t a t i o n
0 .0015  X 346 
0 .327  X  462
0.00344
2 X 0 .00344
0 .00688  say  0 .007
The a c t u a l . h i n g e  r o t a t i o n  was o b ta in e d  by lo a d in g  
th e  beam w i th  t h e  d iag ram  and d e te rm in in g  th e  r e a c t i o n s .
The moments a t  B and C w ere  t a k e n  as 0 .686  Mo and 0 .5  Mo 
r e s p e c t i v e l y  where Mo i s  th e  s im p le  beam moment, th u s  from F i g . 5 .3
E l  0- = | .M o  L . i . 2  -  i . 0 . 6 8 6  Mo L .- |
-  ~  Mo L . i  -  i . 0 . 1 8 6  Mo L .- j
E l  0g Mo L (0 .6 7  -  0 .229  -  0 .2 5  -  0 .0 6 2 )
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'  S  = 0 . 1 2 9 - ^
The f i n a l  s t a g e  i s  to  d e te rm in e  th e  v a lu e  o f  t h e  f l e x u r a l  
r i g i d i t y  E l .  I t  was assumed t h a t  E l  i s  c o n s ta n t  be tw een  th e  
h in g e s  ( s e e  C hap te r  4) and f o r  c ra c k e d  r e c t a n g u l a r  s e c t i o n s  
t h e  v a lu e  a t  th e  i d e a l i s e d  e l a s t i c  l i m i t  L ( s e e  F ig .  5 .2 )  may 
c o n v e n ie n t ly  be o b ta in e d  u s in g  e q u a t io n  l ( i v ) ( C h a p t e r  1)
E l .  = p Es (1 -  •—) (1 -  n) bd^ 
where p -  ^  = 0 .0167  ( r e in f o r c e m e n t  r a t i o )
The r e in f o r c e m e n t  p e r c e n ta g e  i s  1 .67  and f o r  an 
assumed v a lu e  o f  ae = 15 , th e  n e u t r a l  a x i s  f a c t o r  a pp rox im ated  
to  0 . 5 .
E l  . = 0 .10167 X  200 X  10^ , 0 .5  3 ( l - 0 . 5 ) b d
3
1392 bd^
Thus a c t u a l  h in g e  r o t a t i o n  0^
■ 0 .129  Mo L 
1392 bd^
0 .129  X  331 X  10^ X  1 .46  x  6150 
1392 X  300 X  462^
0 .0093
T his  r e s u l t  i n d i c a t e s  t h a t  th e  p e n u l t im a te  s u p p o r t  
s e c t i o n  h as  in a d e q u a te  p l a s t i c i t y  as th e  a c t u a l  h in g e  r o t a t i o n
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exceeds  th e  p e r m i s s i b l e  v a lu e .  However as i n d i c a t e d  i n  C hap te r  4
i t  i s  p o s s i b l e  to  u se  a r e v i s e d  fo rm u la  f o r  c a l c u l a t i n g  0p
and th e  v a lu e  o f  6^,^ can  be e s t i m a t e d  making an a llo w a n c e  f o r  
t h e  b i n d in g  e f f e c t  o f  t h e  s h e a r  l i n k s .  The s h e a r  l i n k s  
c o n s i s t e d  o f  4 -  10 mm l e g s  a t  75 mm c e n t r e s  which r e p r e s e n t s  
a  p e r c e n ta g e  o f  b i n d e r s  (volume r a t i o )  o f  p ^ l  = 1 -5 .  The 
s t r a i n  a t  l i m i t  L2  i s  g iv e n  by
®cu ^ 0 ,0015  ^ l + 1 . 5 p ï ï  + ( 0 . 7 - O . l p ^ ^ ^
= 0 .0015  [ 3 . 2 5  + 1 . 6 ^
=  0 . 0 0 7 4
T h is  i s  c o n s id e r a b ly  i n  e x c e s s  o f  t h e  l i m i t i n g  v a lu e  of 
0 .0035  used  f o r  t h e  unbound c o n c r e t e .  The r e v i s e d  fo rm u la  
f o r  c a l c u l a t i n g  0p i s
0p = 0 .8  |e  2 ^  "  ^ c e ^  ^1  ^3 d
r  0 .15x6150= 0 . 8 | 0 . 0 0 7 4 -0 . 0 0 2 J  0 .6 3  x  ----- ^ -----
» 0 .00543
The p e r m i s s i b l e  r o t a t i o n  i s
»  0 . 0 0 5 4 3  X  2
»  0 . 0 1 0 8 6
T h is  value, i s  i n  e x c e s s  o f  th e  a c t u a l  v a lu e  and th u s  i t  may be 
assumed t h a t  th e  s e c t i o n  has  a d e q u a te  p l a s t i c i t y .
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5 .0 4  SERVICEABILITY
At th e  t im e  th e s e  c a l c u l a t i o n s  were p r e p a r e d ,  i t  was 
c o n s id e r e d  t h a t  th e  beams would have adequa te  s e r v i c e a b i l i t y  i f  
th e  span  to  d e p th  r a t i o  was w i t h i n  th e  l i m i t s  imposed by CP114,
The span  to  d e p th  r a t i o  o f  6 ,1 5 / 0 .5  = 12 ,30  i s  w e l l  w i t h i n  th e
l i m i t s  f o r  a c o n t in u o u s  beam g iv en  i n  CP114, t h a t  i s  25 x 0 .85  = 21 .25
In  th e  second c a se  s tu d y  a f u l l  s e r v i c e a b i l i t y  check i s
c a r r i e d  o u t  i n  a c co rd an ce  w i th  t h e  p ro c e d u re s  o u t l i n e d  i n  CPllO f o r  
e s t i m a t i n g  c ra c k  w id th  and d e f l e c t i o n s .
5 .0 5  ROOF BEAM FOR A SPORTS HALL
A r e i n f o r c e d  c o n c r e te  beam form ing  p a r t  o f  th e  r o o f  
s t r u c t u r e  o f  th e  S u rre y  U n i v e r s i t y  S p o r ts  H a l l  w i l l  be a n a ly s e d  
u s in g  p l a s t i c  th e o r y  and th e  r e in f o rc e m e n t  a r e a s  o b ta in e d  
compared w i th  th o s e  i n  th e  a c t u a l  beam. For com parison  p u rp o se s  
th e  same o v e r a l l  beam d im en s io n s  a re  m a in ta in e d .  These d im ens ions  
a r e  shown i n  F ig .  5 .4  and th e  fo l lo w in g  d e s ig n  d a t a  was assumed : 
LOADING :
C h a r a c t e r i s t i c  dead lo ad  (beam + deck) G^ = 12 .36  KN/m 
C h a r a c t e r i s t i c  imposed lo a d  (snow) = 4 .5  KN/m
C h a r a c t e r i s t i c  c o n c re te  s t r e n g t h  fe u  = 30 N/mm^
2C h a r a c t e r i s t i c  s t e e l  s t r e n g t h  .. fy  = 425 N/mm
The l i m i t  s t a t e s  to  be c o n s id e r e d  a r e  s t r e n g t h  and s e r v i c e a b i l i t y
and each  l i m i t  s t a t e  i s  d iv id e d  i n t o  t h r e e  s e c t i o n s ,  l o a d in g .
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I main beam  dimensions
Fig . 5 .4  Sports hall roof beam layout.
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member a n a l y s i s  and s e c t i o n  a n a l y s i s
5 .0 6  ULTIMATE LIMIT STATE
(1) LOADING
The p a r t i a l  s a f e t y  f a c t o r  f o r  lo a d in g  YF i s  t a k e n
as 1 . 4  f o r  dead lo a d  and 1 . 6  f o r  imposed lo ad  th u s  î
maximum d e s ig n  lo ad  = 1 .4  + 1 .6
= 1 .4  X 12 .36  + 1 .6  X 4 .5
. = 24 .5  KN/m
minimum d e s ig n  lo a d  = 1 . 0  G^ + 1 . 0
12.36 + 4 .5  
= 16 .86  KN/m
(2) MEMBER ANALYSIS
Simple p l a s t i c  th e o r y  i s  u sed  w i th  t h e  span moment
i n  AB b e in g  assumed e q u a l  to  th e  moment a t  s u p p o r t  B. Thus from
F ig .  5 .5
MB = ( 1 ,4  Gjr + 1 .6  Qk) L%
11.65
24 .5  X 2 1 %
11,65
927 KN/m
A check  i s  r e q u i r e d  t h a t  span  BC i s  n o t  s u b je c t e d  to  a hogg ing  
moment th ro u g h o u t  i t s  l e n g t h  w i th  th e  p l a s t i c  moment o f  927 KNm 
a t  B. The w o rs t  c o n d i t i o n  f o r  hogg ing  w i l l  occu r  w i th  th e  
minimum lo ad  ( 1 .0  G^ + 1 .0  Qj )^ on span  BC. Thus f o r  span  BC th e  
s im p le  beam moment Mo^ i s
X / . U
Lo =  15L-, =  21
(1 .4G k + 1 .6 Q k) L
11 .65
Mo
(a)
(b)
Fig . 5, 5 (a) ultimate lim it state
(b) sim ple beam moments
B r
m
1
m
Mo Mo
Fig . 5. 6
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927
15
9
9 1 5Mo^ = 12.36 X
= 346 KNm
The. r e a c t i o n  a t  C, Vc = 12 .36  x 7 .5  “
= 92 .7  -  61 .8
= 30 .9  KN (no u p l i f t )
The maximum s a g g in g  moment o c c u rs  a t
30 .9  
^  “  12.36
= 2.5m from  C
2 .5and th e  moment i s  = 3 0 .9  x
= 38 .625  KNm
Thus a sm a l l  s a g g in g  moment w i l l  o c c u r  i n  span BC and th e r e  
w i l l  be no u p l i f t  a t  C. The maximum s h e a r  f o rc e  w i l l  o ccu r  
t o  th e  l e f t  o f  s u p p o r t  B and i s  g iv e n  by
Vg = 24 .5  X 10,5  + 927/21
= 301.65  KN
The r e a c t i o n  a t  A i s  g iv en  by
= 2 4 .5  X 10 .5  -  927/21
= 212.85  KN
The p o i n t  o f  z e ro  moment o c c u rs  when
x 2X 24 .5  = 0
th u s  X
w
2 X 212.85  
24 .5
= 17 .4  m
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Thus th e  d i s t a n c e  from  s u p p o r t  B to  th e  p o i n t  o f  c o n t r a f l e x u r e  
i s  21 -  17 .4  = 3 .6  m.
(3) SECTION ANALYSIS
(a)  BENDING
Assuming a s i m p l i f i e d  r e c t a n g u l a r  s t r e s s  b l o c k ,  th e
r e s i s t a n c e  moment o f  a  s im ply  r e i n f o r c e d  s e c t i o n
(x  = 0 .5  d) i s  Mu = 0 .15  fe u  bd^
= 0 .1 5  X 30 X 300 X 830^ x 10“ ^
= 930 KNm
, The v a lu e  o f  th e  e f f e c t i v e  d e p th  d i s  t a k e n  as 830 mm 
t o  a l lo w  f o r  two l a y e r s  o f  r e i n f o r c i n g  b a r s .  Thus th e  
s e c t i o n  i s  j u s t  u n d e r - r e i n f o r c e d  and th e  l o n g i t u d i n a l  
s t e e l  a r e a  i s
A — •M u0 .8 7  fy  Z
927 X 1 0 ^
0 .8 7  X 425 X 0 .7 5  X
= 4027 mm^
32 mm = 4020 mm^
p e r c e n ta g e
P 100 As bd
- 4020 X 100300 X 830
1 .6 1
123
(b) SHEAR
From t a b l e  5 ,  C P llO :1972, th e  u l t i m a t e  s h e a r  s t r e s s  
2Vc i s  0 .8 2  N/mm , th u s  th e  s h e a r  c a r r i e d  by th e  c o n c re te
f o r  f e u  ** 30 N/mm^ and p = 1 .6 1  i s
Vcu = V b dc
= 0 .8 2  X 300 X 830 x l o “ ^
= 204 kN
Thus r e in f o r c e m e n t  i s  r e q u i r e d  to  r e s i s t  a  s h e a r  f o r c e  o f  
Vru = 301.65 -  204
= 97 .65  KN
2 2 Try 2 -  10 mm l e g s  (As = 157 mm ) w i th  fy  = 250 N/mm
th e n  th e  l i n k  s p a c in g  S i s  g iv en  by 
^ • As . 0 .8 7  fy
® l e v  -
_V_
bd
301 .65  X 10^
300 X  830
= •1 . 21 N/mm^
th u s  S = 157 X 0 .8 7  x 250
' 300 X  (1 .2 1  -  0 .82 )  
= 291 mm (sa y  250)
The l i n k  s p a c in g  sh o u ld  n o t  exceed  th e  l e s s e r  o f  300 mm 
o r  0 .7 5  d and th e  minimum re q u i re m e n t  i s  g iv e n  by
0 .4  .  ' bs
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As 0 .4  X 300 X 250 0 .87  X 250
2= 138 mm
Thus th e  minimum r e q u i r e m e n t  i s  s a t i s f i e d .  I n  a n t i c i p a t i o n  
• o f  th e  n e c e s s i t y  f o r  b in d in g  th e  com pression  zone , i t  i s  
p ro p o se d  t o  r e d u c e  th e  l i n k  s p a c in g  over  th e  s u p p o r t s  
y to  150 mm. The volume o f  c o n c re te  bound
= 800 X 240 X 150 mm^
th e  l i n k  volume= 78 .5  x (1600 + 480)
Thus volume p e r c e n ta g e  o f  b in d e r s  i s  g iv en  by
n  _ 78 .5  X 2080
^ 800 X 240 X 130
= 0 .0057
•< ' •"5 .07  HINGE ROTATION CALCULATIONS
The r o t a t i o n  a t  s u p p o r t  B may be o b ta in e d  from  
e q u a t io n  4( v )  t h a t  i s
B = 3 ^  ~ Mp)Lx -I" (Mo% -  M p)L^
The members be tw een  th e  h in g e s  a re  assumed to  have a l i n e a r  
m o m e n t/c u rv a tu re  r e l a t i o n s h i p  th e  v a lu e  o f  E l b e in g  t a k e n  as 
c o n s ta n t  and d e r iv e d  from  e q u a t io n  l ( i v )  c h a p te r  1  
E l  = p Es (1  -  n ) (1 -  n) bd^
■ 3F or p = 1 .61  & a  e = 1 5  say
50 n2
th e *  P = ^  1 ^
th u s  3 .33n2  + pn -  p = 0
3.33n% + 1 .6 1 n -1 .6 1  = 0
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th u s
n
E l
= 0 .4 9
th u s
where Mp .
Mo^
Mo^
^ 1 .
=
0 .0161  E s (1-0 .16 ) ( 1 - 0 .4 9 )  bd
0 .0 1 6 1  X 200 X 10^ X 0 .8 3  x 0 .5 1  x 0 , 3  x 0 .8 3 3  
2233808 KN mm
h- ( M o Z - M p ) L ^
927 KNm ( se e  member a n a l y s i s )
0 .125  X  24 .5  X  21^ = 1350 KNm
21m and L2  = 15m
3 O T 8  [(135 0 -9 2 7 )2 1  + (689-927)15
5313
"  3 X 233808
= 0 .0076
U sing  th e  ICE R e p o r t  fo rm u la  g iv e n  i n  c h a p te r  4
0 p .  ip^ nu d
and • iIp  = kg kg (^) . d
W ith  f e u  = 30 N/mm^ and fy  = 425 N/mm^, k;|  ^ k 2  kg = 0 .6 5  
& w i th  e^,^ = 0 .0035  and e^^  = 0 . 0 0 2 , t h e  v a lu e  o f  p i s  g iv en  by
P  =  £ l M l  X  0 .6 5  X  ( f )  nu d
From t h e  member a n a l y s i s  t h e  v a lu e  o f  Z was e s t a b l i s h e d  as 3 .6  m 
th u s  „ i 3 .6
0 .8 3
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= 1 .44
Thus i t  rem ains  t o  e s t a b l i s h  a v a lu e  f o r  nu . A s a f e  l i m i t i n g  
v a lu e  i s  0 ,5  w hich  g iv e s  th e  minimum v a lu e  o f  0p on one s id e  o f  
th e  i n i t i a l  s e c t i o n .
Thus 6 p *= 0 .0015  X 2 .0  x  0 .6 5  x 1 .4 4
= 0 .0028  
Thus p e r m i s s i b l e  r o t a t i o n
= 0 ,0 0 2 8  X 2
= 0 .0056
T h is  i s  l e s s  th a n  th e  a c t u a l  h in g e  r o t a t i o n  and th u s  t h e  b in d in g  
e f f e c t  o f  th e  s h e a r  l i n k s  sh o u ld  be ta k e n  i n t o  a c c o u n t .  From 
c h a p te r  4
cu = 0 .0015  1+ 1 .5p 11 + ( 0 . 7 - 0 . 1 p l l J ^
where p^^ = 0 .57  and nu i s  a g a in  ta k e n  as a s a f e  l i m i t i n g  v a lu e  
o f  0 .5
thus, e^u = 0 .0015 j^l.855 + 0 .643 x 2^
The r e v i s e d  v a lu e  f o r  0p . i s
0 p = 0 . 8  ( ec u  “ Cce) 1 ^ 1  ^ 3  J
= 0 .8  (0 .0048 -  0 .002) 0 .65 x 4 .34
= 0 .0063
Thus p e r m i s s i b l e  r o t a t i o n
= 2 X 0 .0063
= 0 .0126
Thus w i th  t h e  volume p e rc e n ta g e  b in d e r s  o f  0 .57  ad eq u a te
p l a s t i c i t y  i s  a c h ie v e d .  I t  i s  now n e c e s s a r y  to  c a r r y  o u t  a
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s e r v i c e a b i l i t y  check .
5 .0 8  SERVICEABILITY LIMIT STATES
The l i m i t  s t a t e s  o f  e x c e s s iv e  c ra c k in g  and d e fo rm a t io n  
w i l l  a g a in  be  c ove red  u n d e r  th e  g e n e r a l  h e a d in g s  o f  l o a d in g ,  
member a n a l y s i s  and s e c t i o n  a n a l y s i s .
5 .0 9  CRACK WIDTH CALCULATIONS
(1) LOADING
The p a r t i a l  s a f e t y  f a c t o r  f o r  lo a d in g  yF i s  t a k e n  as 
u n i t y  f o r  dead and imposed lo a d .  The lo a d in g  a rran g em en t to  
g iv e  th e  maximum moment i n  th e  sy s tem  w i l l  be 1 . 0  G]^  + 1 . 0 . 
on b o th  spans  th e  maximum v a lu e  o c c u r in g  a t  s u p p o r t  B.
(2) MEMBER ANALYSIS
U sing e l a s t i c  th e o r y  a g e n e r a l  e x p re s s io n  f o r  t h e  
moment a t  B can be dev e lo p ed  as f o l lo w s  u s in g  i n f l u e n c e  
c o e f f i c i e n t s .  A pp ly ing  a moment r e l e a s e  a t  B and assum ing 
f l e x u r a l  r i g i d i t y  E l  i s  c o n s t a n t  th e n  from  F ig .  5 .6
£ l l  = j  ds
and u^ = Jmj^ mg ds
= -  ^  (M oi + Mo2 L2)
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th u s  Mg = "  u i
f l
= Moi + Mo  ^ L2
& f o r  Li=21 & L2=15 Mg =
i^l + i^2
21 Moi + 15 hq2  5 (1 )
36
where Moi = 0 .125  x (12 ,3 6  + 4 .5 )  x  21^
. = 9 2 9 .4  KNm
and Mq2 = 0 .125  x  (12 .36  + 4 .5 )  x  15^
= 474 .2  KNm
Thus M% = 21 X 9 2 9 .4  + 15 x 474.2
36
= 739 .7  KNm
As th e  spans a re  u n e q u a l ,  th e  span  moment w i l l  be 
checked  f o r  1 .0  + 1 .0  on span  AB and 1 .0  G% on ly  on span
BC. I n  t h i s  c a se
Mo^ = 0 .125  X 12.36 x 15^
= 347 .6  KNm
_  21 X 92 9 .4  + 15 X 347.6Mg =  36--------------------
= 686 .98
Thus r e a c t i o n  a t  A = 16 .86  x 10 .5  -
= 144 .0 KN
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The maximum span  moment o c c u rs  a t
144
^  "  16 .86
= 8 .5 0  m from  A
Thus maximum span  moment
1= VA ' #
1 44 .0  X 8 .5  
=  2  
■ = 6 1 5 .0  KNm
Thus, b o th  spans  lo ad e d  w i l l  g iv e  t h e  maximum moment 
i n  t h e  sy s tem  (7 3 9 .7  KNm) and t h i s  w i l l  be  used  as a b a s i s  f o r  
c a l c u l a t i n g  th e  maximum c ra c k  w id th .
(3) SECTION ANALYSIS
F or  e s t i m a t i o n  o f  th e  s t e e l  s t r a i n  t h e  v a lu e  of ym
i s  ta k e n  as 1 .3  and th u s  th e  d e s ig n  s t r e n g t h  i s  f c u / 1 . 3  = 2 3 .1  N/mm^.
From t a b l e  1 CPllO , w hich r e l a t e s  th e  cube s t r e n g t h  o f  th e  c o n c re te
t o  th e  modulus o f  e l a s t i c i t y  Ec, th e  v a lu e  o f  Ec i s  25 .6  KN/mm^.
T h is  i s  an i n s t a n t a n e o u s  v a lu e  and i n  a s s e s s in g  s t r a i n s  th e
modulus o f  e l a s t i c i t y  o f  th e  c o n c re te  i s  ta k e n  as one h a l f  o f
2t h i s  v a lu e ,  i . e .  0 .5  x 25 .6  = 12 ,8  KN/inti . Assuming th e
2modulus o f  e l a s t i c i t y  o f  th e  s t e e l  i s  c o n s ta n t  a t  200 KN/mra 
t h e  m odu lar  r a t i o  i s  g iv en  by
ae  = 200 = 15 .6  (sa y  15)
12 .8
Thus from se c t io n  5 .07 the n eu tra l ax is fa cto r  n = 0 .49  and the
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d e p th
The l e v e r  arm
0 .4 9  X 830 407 mm.
830 - 407
Thus s t e e l  s t r e s s
Thus s t e e l  s t r a i n
= 694 mm
,  Mb ( e l a s t i c )  
As X Z
= '739 .7  X 10^
4020 X 694
= 265 N/mm^
265
200 X 10 
= 0 .00133
T h is  c a l c u l a t i o n  ig n o re s  t h e  s t i f f e n i n g  e f f e c t  o f  t h e  c o n c re te  
i n  t h e  t e n s i o n  zone and i s  w e l l  below th e  l i m i t i n g  v a lu e  o f  
0 .8  fy /E s  = 0 .0 0 1 7 .  The c ra c k  w id th  can now be e s t im a te d
from  e q u a t io n  61 CPllO as fo l lo w s  
D esign  s u r f a c e  c ra c k  w id th
3 a c r  Gm . . . . .  5 ( ü )
1  + 2 |^ ■•cr -  C min
h -  X
where a c r  “ th e  d i s t a n c e  from  th e  p o i n t  c o n s id e r e d  t o  th e  
s u r f a c e  o f  th e  n e a r e s t  r e i n f o r c i n g  b a r  
th e  a v e ra g e  s t r a i n  a t  th e  l e v e l  a t  w hich c ra c k in g  
i s  b e in g  c o n s id e r e d ,  c a l c u l a t e d  a l lo w in g  f o r  th e  
s t i f f e n i n g  e f f e c t  o f  th e  c o n c re te  i n  th e  t e n s i o n  
zone and i s  o b t a in e d  from  e q u a t io n  6 2 ,  CPllO
em
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C min = minimum c o v e r  t o  th e  t e n s i o n  s t e e l
h •* o v e r a l l  d e p th  o f  member
X -  d e p th  o f  n e u t r a l  a x is  found from  a n a l y s i s  t o
d e te rm in e  e^ ( s e e  below)
1 .2  b t  h (a^  -  x) X  10 ^ 
and em "  ®1 "* As (h -  x) fy
w here e^  i s  th e  s t r a i n  a t  th e  l e v e l  c o n s id e re d  c a l c u l a t e d
ig n o r i n g  th e  s t i f f e n i n g  e f f e c t  o f  th e  c o n c re te  i n  th e  t e n s i o n  zone 
b t  '= w id th  o f  s e c t i o n  a t  c e n t r o id  o f  t e n s i o n  s t e e l
q 1  = d i s t a n c e  from  th e  com pression  f a c e  t o  th e  p o i n t
a t  w hich th e  c ra c k  w id th  i s  b e in g  c a l c u l a t e d  
As = a r e a  o f  t e n s i o n  r e in f o r c e m e n t .
C o n s id e r in g  th e  r e i n f o r c e m e n t  a rrangem en t as F ig .  5 .7  t h e  v a lu e
o f  e i  i s  g iv en  by
e-j^  = 0 .00133  XM
[900 -  4071
I]= 0 .00133  x ig g o  _ 407J
= 0 .00155
F or  p o i n t  1 on th e  s o f f i t  o f  th e  beam, th e  above v a lu e  o f  e^ 
i s  red u c e d  by
1 .2  b t h  ( a ^ -x )  10~^ = 1 .2  x  300 x  900 x  10 ^
As (h- x) fy  4020 x  425
0 .00019
th u s  em = 0 .00155  -  0 .00019
0.00136
300
132.
5-32 Y
ooC5
OCOOO
F ig, 5 .7  Crack width estim ated at point 1,
rb E s . y Es(d-x)
As
fs  As
F ig, 5 .8  Evaluation o f——from  equation of bendingrb
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Thus th e  d e s ig n  s u r f a c e  c ra c k  w id th
3 X a c r  % 0.00136
where
and
1 + 2 a c r  “ C min 
h -  X
c r
C min =
= (5 7 .5 ^  + 51")
= 76 .9  -  16
= 6 0 .9  mm
35 mm
2 s l  _ 16
hence  c ra c k  w id th  a t  p o i n t  1
= 3 X  6 0 .9  X  0.00136
1 + 2 
= 0 .225  mm
[6 0 .9  rJ35*lL 493 J
The beams a re  s i t u a t e d  i n  an i n t e r n a l  n o n - a g g r e s iv e  
env ironm en t and th u s  t h i s  v a lu e  o f  d e s ig n  s u r f a c e  c r a c k  w id th  
would appear  t o  be  s a t i s f a c t o r y .  I n  a beam o f  t h i s  d e p th ,  
r e in f o r c e m e n t  sh o u ld  be p ro v id e d  i n  th e  lo n g e r  s id e s  betw een 
th e  n e u t r a l  a x i s  and th e  m ain  t e n s i o n  s t e e l .  I t  i s  a l s o  n e c e s s a r y  
t o  check  c r a c k  widths on th e  s i d e s  o f  th e  beam be tw een  t h e s e  two 
p o i n t s  u s in g  th e  p ro c e d u r e  ad o p te d  f o r  p o i n t  1 .
5 ,1 0  DEFLECTION CALCULATIONS
(1) LOADING
The p a r t i a l  s a f e t y  f a c t o r  f o r  lo a d in g  yE i s  a g a in  ta k e n  
as u n i t y  and th e  lo a d in g  a rran g em en t to  g ive  t h e  maximum d e f l e c t i o n
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i n  span  AB w i l l  be  1 .0  + 1 .0  on span  AB and 1 .0  on ly
on span  BC.
(2) MEMBER ANALYSIS
The b e n d in g  moments f o r  t h i s  lo a d in g  a rrangem en t 
have  p r e v i o u s l y  been  c a l c u l a t e d  i n  s e c t i o n  5 ,0 9  ( 2 ) .
Mg = 686 .96  KNm
M span  = 615 KNm
(3) SECTION ANALYSIS
The f o l lo w in g  e q u a t i o n  forms th e  b a s i s  f o r  d e f l e c t i o n  
c a l c u l a t i o n s  i n  a c co rd a n ce  w i th  CP 110 and th e  recom m endations 
i n  t h e  Handbook ( 40)
d e f l e c t i o n  a = KL^ - - -  5 ( i i i )rb
where L . = span
K = c o n s t a n t  depend ing  on t h e  lo a d in g
and end c o n d i t io n s
rb “ c u r v a t u r e  a t  m idspan
The f i r s t  s t a g e  i n  t h e  c a l c u l a t i o n  i s  an e s t i m a t i o n  o f  th e  
v a lu e  o f  t h e  c u r v a t u r e  a t  m idspan .
From F ig .  5 .8  ^  f s  5 ( 1 ^)
Es (d“ x)
An a p p ro x im a t io n  t o  th e  v a lu e  o f  x ( i g n o r in g  t h e  s t i f f e n i n g  e f f e c t  
o f  th e  c o n c re te  i n  th e  t e n s i o n  zone) i s  o b t a in e d  from  th e  e q u a t io n
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50 n-
^ ae  1  “  n
th e  s h o r t  te rm  v a lu e  o f  ae  = 2 0 0 /2 5 .6  = 7 .81  th u s
p = 50 n
7 .8 1  * 1 -  n
26 .4  n + p n - p  = 0
6 .4  + 1 .61n  “ 1 .61=  0
and n = 0 .3 9 .
To a l lo w  f o r  th e  s t i f f e n i n g  e f f e c t  o f  t h e  c o n c re te  
i n  th e  t e n s i o n  zone , a v a lu e  o f  l^/mm^ ( t e n s io n )  i s  assumed a t  
th e  l e v e l  o f  th e  c e n t r o i d  o f  th e  t e n s i o n  s t e e l  and th u s  by t a k i n g  
moments abou t  t h e  c e n t r o i d  o f  t h e  com pression  z o n e ,  se e  F ig .  5 .9
M = As f s  ( d - ^ / 3 )  + 
& i f  p = ^ 1 0 0
b (h -x ) y ( h - x )  + - 3  X
M = 
where x =
and
nd
P
M
= 0 .3 9  X 830
= 324 mm
= 1.61 
= 61 5 ,0  KNm
- f) 1 .61  X  300 X  830 X  722 100 X  f s
= 2 .89 X 10 f s
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d-
d-x
As
■
A sfsh-x
d-x
3
F ig . 5 .9
\
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bh (h -x )^  _ 300 X 900 x 576^
3 (d -x )  3  X 506
= 59 .011  X  10^
th u s  6 1 5 ,0  X 10^ = 289 x 10^ f s  + 59 .011  x 10^
6 1 5 .0  -  59 .011  f s ------------------=---  2 3 9 ------------
= 192 .38  ^/mm^
Thus from e q u a t io n  5 ( iv )
■ J .  = f srb  Es (d ‘-x)
192.38--------------g~----------200 X  10 X  506
1 .9 0  X 10-6
The v a lu e  of  K f o r  a c o n t in u o u s  beam (40) i s  g iv e n  by
K = 0 .1 0 4  (1 -
where
Mr
and M^ = 0
M g  =  6 8 6 . 9 6
Mg = 615 .00
th u s  . Ma + Mn^  = .6 8 6 :9 6
»  1 .12
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and K = 0 .1 0 4  ( 1 - 0 . 1 1 2 )
= 0 .104  X 0 ,89
= 0 .09
and th e  s h o r t  te rm  d e f l e c t i o n  i s  g iv en  by 
a = K
rb
= 0 .0 9  X 21^ X 10^ X 1 .75  X lo "^
= 7 1 .0  mm
The above v a lu e  r e p r e s e n t s  th e  d e f l e c t i o n  due t o  t h e  
c h a r a c t e r i s t i c  dead and imposed lo a d s .  As th e  imposed lo a d  
(snow) w i l l  be s h o r t  te rm  and i s  much l e s s  th a n  th e  dead load  
a more m ea n in g fu l  answer w i l l  be o b ta in e d  i f  th e  lo n g  te rm  
d e f l e c t i o n  due to  th e  c h a r a c t e r i s t i c  dead lo ad  on ly  i s  
c o n s id e r e d  ( 1 .0  Gk * 12 .36  KN/m). For t h i s  l o a d in g
21 Mo^ + 15 Mo^Mg 36
where Mo^ = 0 .1 2 5  x 12 .36  x  21^
= 681 .35  KNm
Mo^ = 0 .125  X 12.36 x 15^
= 347 .63  KNm
Mb 21 X 681 .35  + 15 X 347 .63  36
= 5 42 .3  KNm
542 3The r e a c t i o n  a t  A = Va “  12 .36  x 10 .5  -  —
= 103 .96
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Maximum span  moment o c c u rs  a t
X
Thus span moment i s
103.96
u n s ’
8 .41  m from  A
103.96 X 8.41
= 437 .19  KN m
To a l lo w  f o r  lo n g  te rm  lo a d in g  an a d ju s tm e n t  r e q u i r e s  t o  be 
made to  th e  t e n s i l e  s t r e s s  i n  t h e  c o n c re te  and th e  v a lu e  o f  th e  
modulus o f  e l a s t i c i t y  o f  t h e  c o n c r e te .  Assume th e  age o f  th e  
c o n c re te  a t  which th e  f u l l  lo a d  i s  a p p l i e d  i s  56 days and th e  
d u r a t i o n  o f  lo a d  i s  i n f i n i t y .  Then from  T ab le  A .1 i n  append ix  A 
t o  th e  Code Handbook (40) t h e  t e n s i l e  s t r e s s  i n  th e  c o n c re te  
i s  0 .6 4  ^/mm^ and th e  c re e p  c o e f f i c i e n t  0 i s  2 .3 4
The e f f e c t i v e  modulus E e f f
Thus ae
Ec . • 11 +  0 Ec = 28 ^ /m m ^  f o r  
f e u  = 30 ^/mm^, see  
t a b l e  1 CPllO.
28 . 1 + 2 .3 4  
28 .3 8  KN/mm'
200
8 .3 8
23 .87
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The m o d if ie d  n e u t r a l  a x i s  f a c t o r  n  i s  g iv en  by
50 n^
ae  1  -  n
22.09  n + pn -- p = 0
2 .09  n^ + 1 .1 6 n -1 .6 1  = 0
th u s  n = 0 .5 7
and X = n d = 0 .5 7  x 830
= 473 mm
■ Using th e  same p r o c e d u re  as t h a t  used  f o r  th e  s h o r t  te rm  
d e f l e c t i o n  c a l c u l a t i o n  b u t  w i th  x = 473 mm and th e  c o n c re te  
t e n s i l e  s t r e s s  e q u a l  to  0 .6 4  ^/mm^, th e  long  te rm  d e f l e c t i o n  under  
dead lo ad  on ly  i s  8 5 .13  mm.
The r a t i o  s p a n / d e f l e c t i o n
21000
85 .13
= 247 ( lo n g  term )
T h is  i s  v e ry  c lo s e  to  th e  l i m i t i n g  v a lu e  o f  250 g iv e n  i n  CP 110 
As th e  beams have no f i n i s h e s ,  th e  above v a lu e  i s  a c c e p ta b l e  and 
f o r  a beam of t h i s  sp a n ,  an i n i t i a l  camber would be p ro v id e d .
5 .1 1  COMPARISON OF RESULTS
The t a b l e  below compares th e  f l e x u r a l  r e in f o r c e m e n t  r e q u i r e m e n ts  
a t . c r i t i c a l  s e c t i o n s  f o r  th e  p l a s t i c  a n a l y s i s  w i th  th o s e  p ro v id e d  
i n  th e  a c t u a l  beam.
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SUPPORT B SPAN AB(21m)
P l a s t i c
a n a ly s i s
5 -  32 Y 
(4020 lîïïn )^
5 -  32 Y 
(4020 mm^)
A c tu a l
s t r u c t u r e
6  -  32 Y 
(4830 nnti )
5 -  32 Y 
.2 “ 20 Y 
(4648 mm^)
TABLE 5 .1  A com parison  o f  s u p p o r t  and main span  r e in f o rc e m e n t
r e q u i r e m e n ts  i n  a c t u a l  s t r u c t u r e  and p l a s t i c  a n a l y s i s
T ab le  5 .1  i l l u s t r a t e s  t h a t  a s i g n i f i c a n t  s a v in g  in  
f l e x u r a l  r e in f o rc e m e n t  can be a c h ie v e d  i f  a f u l l y  p l a s t i c  a n a l y s i s  
i s  a d o p te d .  W ith two e q u a l  spans and u t i l i s a t i o n  o f  th e  com pression  
zone up to  a  d e p th  o f  0 .5 d  a f u r t h e r  s a v in g  cou ld  be ac h ie v e d  i f  
compared w i th  an e l a s t i c  a n a l y s i s .  I n  C hap te r  6  t e n t a t i v e  d e s ig n  
p r o p o s a l s  a r e  g iv e n  f o r  th e  p l a s t i c  d e s ig n  o f  c o n t in u o u s  c o n c re te  
beams w hich a re  b a s e d  on th e  A u th o r 's  e x p e r im e n ta l  w ork , a v a i l a b l e  
d a ta  on h in g e  r o t a t i o n  c a l c u l a t i o n s  and c a se  s t u d i e s .
142
CHAPTER 5
TENTATIVE PROPOSALS FOR THE 
PLASTIC DESIGN OF REINFORCED 
CONCRETE CONTINUOUS BEAMS
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6 .0 0  TENTATIVE PROPOSALS FOR THE PLASTIC .DESIGN OF REINFORCED 
CONCRETE CONTINUOUS BEAMS
6 .0 1  INTRODUCTION
As i n d i c a t e d  i n  C hap te r  1 th e  o p t io n s  g iv en  i n  CP 110:
1972 f o r  member a n a l y s i s  a t  th e  u l t i m a t e  l i m i t  s t a t e  a re  e s s e n t i a l l y  
an e l a s t i c  approach  and f o r  some y e a r s  th e  a u th o r  h a s  f e l t  t h a t  
a more c o n s i s t e n t  d e s ig n  p h i lo s o p h y  i s  t o  c o n s id e r  bothmember and 
s e c t i o n  a n a l y s i s  on an i n e l a s t i c  b a s i s .  However, i t  m ust be 
s t a t e d  t h a t  th e  moment r e d i s t r i b u t i o n  o p t io n  im p l ie s  i n e l a s t i c  
b e h a v io u r .  From th e  a u t h o r ' s  e x p e r im e n ta l  d a t a ,  th e  su rv e y  o f  
e x p e r im e n ta l  work r e l a t i n g  t o  r o t a t i o n a l  c a p a c i ty  o f  h in g in g  
r e i n f o r c e d  c o n c r e te  s e c t i o n s ,  c a se  s t u d i e s  and c a l c u l a t i o n s  
g iv e n  e ls e w h e re  (41) i t  i s  c o n s id e r e d  t h a t  p r o p o s a l s  can be  made 
f o r  a d e s ig n  p ro c e d u re  b a sed  on th e  use  o f  s im p le  p l a s t i c  
th e o ry  f o r  member a n a l y s i s  a t  t h e  u l t i m a t e  l i m i t  s t a t e .
Over th e  p a s t  t h i r t y  y e a r s  th e  developm ent o f  codes 
o f  p r a c t i c e  (41) has  l e d  to  th e  a d o p t io n  o f  h ig h e r  s t r e s s  l e v e l s  
r e s u l t i n g  i n  red u c e d  beam d e p th s .  Requirem ents  f o r  s h e a r  
r e in f o r c e m e n t  p r o v id e  c l o s e r  s p a c in g  o f  l i n k s  w i t h  d e c r e a s in g  
beam d e p th  and th u s  s m a l l  s i z e  beams c o n ta in  a l a r g e r  r e l a t i v e  
volume o f  l i n k s  th a n  do l a r g e  s i z e  beams. F u r t h e r  i n  r e c e n t  
y e a r s  th e  minimum r e q u i r e m e n ts  f o r  s h e a r  r e in f o r c e m e n t  and l i n k  
s p a c in g  have become more s t r i n g e n t .  I t  has  been  d e m o n s t ra te d  
p r e v i o u s l y  t h a t  c l o s e l y  spaced  l i n k s  a re  b e n e f i c i a l  to  th e  r o t a t i o n  
c a p a c i ty  o f  r e i n f o r c e d  c o n c r e te  s e c t i o n s .  The d e s ig n  p r o p o s a l s
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l i s t e d  below  a re  of a . t e n t a t i v e  and c o n s e r v a t iv e  n a t u r e  as th e  
a u th o r  f e e l s  t h a t  f u r t h e r  e x p e r im e n ta l  work i s  r e q u i r e d  to  s tu d y  
th e  e f f e c t s  o f  u n i fo rm  lo a d in g  on th e  r o t a t i o n  c a p a c i t y  of  
r e i n f o r c e d  c o n c re te  beams. I t  i s  a p p a re n t  from C h a p te r  4 t h a t  t e s t s  
on s im p le  span beams have been  used  as a b a s i s  f o r  d e v e lo p in g  
e x p r e s s io n s  f o r  h in g e  r o t a t i o n  c a p a c i t i e s .  The p r o p o s a l s  in c lu d e
(a )  an e s t i m a t e  o f  h in g e  r o t a t i o n  c a p a c i ty
(b) a s e r v i c e a b i l i t y  check .
The c ase  s t u d i e s  have shown t h a t  longhand c a l c u l a t i o n s  
which embrace b o th  (a )  and (b) a re  n o t ,  i n  g e n e r a l ,  s u i t a b l e  as a 
d e s ig n  o f f i c e  p ro c e d u re  due t o  th e  l e n g th  o f  t im e in v o lv e d .  However, 
w i th  th e  u se  o f  a program m able p o c k e t  c a l c u l a t o r  such  as th e  H e w le t t -  
P a c k a rd  HP-65 th e  d e s ig n  t im e  can be m in im ised .
6 .0 2  DESIGN PROCEDURE
(1) Member a n a l y s i s  f o r  f l e x u r e  a t  th e  u l t i m a t e  l i m i t  
s t a t e  i s  c a r r i e d  o u t  u s in g  s im p le  p l a s t i c  t h e o r y .  C o n s id e r in g  
a c o n t in u o u s  c o n c r e te  beam w i th  u n i fo rm ly  d i s t r i b u t e d  lo a d in g  th e  
m ost p r o b a b le  f a i l u r e  modes a r e  shown in  F ig ,  6 .1 .  For an even 
d i s t r i b u t i o n  o f  r e i n f o r c e m e n t ,  s u p p o r t  and span  moments can be 
e q u a l i s e d  g iv in g  th e  f o l lo w in g  b e n d in g  moment c o e f f i c i e n t s  :
( a )  end span  and p e n u l t im a te  s u p p o r t
«P -    6 ( i )
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7f Gk +  ?FQK \
—  ypGicL^  ^ VfQkL^ypGgL^ _j_ 7fQ kL^ 
11,65 11 .65
Fig . 6 .1 Bending moment coefficients for plastic analysis
MbMa-
Mb
MA,
Mo
m \ /
Fig, 6 .2  Bending moment diagrams for derivation of 
deflection coefficient for a continuous beam  
w ith U .D .L ,
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(b) i n t e r m e d ia t e  s u p p o r t  and span  moment
MP = ...........................................................
O b v ious ly  o t h e r  f a i l u r e  modes sh o u ld  be c o n s id e r e d  
and i f  t h e  r a t i o  QK/GK i s  l a r g e  th e  p o s s i b i l i t y  o f  n e g a t i v e  
moments r e c u r r i n g  i n  th e  m idspan r e g io n s  s h o u ld  be c o n s id e r e d .
The a p p ro x im ate  b e n d in g  moment c o e f f i c i e n t s  f o r  a 
f o u r  span  c o n t in u o u s  beam c o r r e s p o n d in g  t o  an e l a s t i c  d i s t r i b u t i o n  
( w i th  no r e d i s t r i b u t i o n )  a re  as below
, \  ^ It XF GK L AF tJK. L Ai’-î-î 4 'i(a )  p e n u l t im a te  s u p p o r t  M -  ------Q—^ ...........   '  '
(b) end span M
(c)  i n t e r m e d ia t e  s u p p o r t  M »    + ...................  ......................
14 .1  9 .4
The com parison  be tw een  th e  p l a s t i c  and f a c t o r e d  e l a s t i c  
moments i s  made t o  d e m o n s t ra te  t h e r e  i s  a c o n s id e r a b l e  d i f f e r e n c e  
i n  moment c o e f f i c i e n t s  and th u s  r e in f o rc e m e n t  p e r c e n ta g e  b ased  
on a p l a s t i c  d i s t r i b u t i o n  may be such  t h a t  th e  s t e e l  s t r e s s  a t  
s e r v i c e  lo ad  i s  c lo s e  t o  th e  y i e l d  v a lu e  and hence  th e  n e c e s s i t y  
f o r  a  s e r v i c e a b i l i t y  check .
(2) S e c t io n  a n a l y s i s  f o r  f l e x u r e  i s  c a r r i e d  o u t  u s in g  
a p a r a b o l i c  r e c t a n g u l a r  o r  s i m p l i f i e d  r e c t a n g u l a r  s t r e s s  b lo c k  w i th
X  Q
9 .4 8 .26
XF GK XF QK
13 1 0
XF GK.L^ + XF QK l }
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u t i l i s a t i o n  o f  th e  c o m press ion  zone up to  one h a l f  o f  t h e  e f f e c t i v e  
d e p th .  I t  i s  assumed t h a t  th e  r e in f o rc e m e n t  w i l l  have  s t r e s s / s t r a i n  
c h a r a c t e r i s t i c s  s i m i l a r  to  t h a t  shown i n  F ig .  3 .2 .  S e c t io n  
a n a l y s i s  f o r  s h e a r  i s  c a r r i e d  o u t  i n  acco rdance  w i th  th e  r e q u i r e m e n ts  
o f  CP 110 -  1972.
(3) HINGE ROTATION CALCULATIONS
F or th e  r e a s o n s  m en tioned  p r e v i o u s l y ,  i t  i s  f e l t  t h a t  
a  h in g e  r o t a t i o n  check i s  d e s i r a b l e  a l th o u g h  th e  a u th o r  i s  o f  
th e  view t h a t  th e  p r o v i s i o n  o f  l i n k s  a t  a s p a c in g  o f  n o t  more 
th a n  h a l f  th e  e f f e c t i v e  d e p th  o f  th e  beam f o r  a s h o r t  d i s t a n c e  
e i t h e r  s id e  o f  t h e  column s u p p o r t  o r  c o n c e n t r a t e d  lo a d  a p p l i c a t i o n  
p o i n t  w i l l  e n s u re  a d e q u a te  p l a s t i c i t y .  I t  i s  recommended t h a t  
Baker and Amarakone’ s e x p r e s s io n s  a re  used  as th e y  have  been  
shown t o  g iv e  c o n s e r v a t i v e  r e s u l t s .  The c a l c u l a t i o n  t im e  can 
be m in im ised  by th e  u se  o f  th e  HP-65 c a l c u l a t o r .  The f l e x u r e  
r i g i d i t y  E l  i s  e s t im a te d  from  e q u a t io n  l ( i v )  which h as  been  
programmed as below  ;
FLEXURAL RIGIDITY E l  = p Es (1 -  “ ) (1 -  n) bd
1. E n te r  c a rd  i n  ru n  mode
2. E n te r  s t e e l  p e r c e n ta g e
3. E n te r  Es
4. E n te r  n
5 . E n te r  b
6 . E n t e r  d
KN/mm
m
m
INPUT
P
Es
n
b
d
KEYS
E
E
A
E
R/S
OUTPUT
Es KN/mm
b m
E l  (KNm )
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The v a lu e  o f  EI0B, w here 0B i s  th e  r o t a t i o n  at. an 
i n t e r n a l  s u p p o r t  B, i s  e s t i m a t e d  from  a g e n e r a l i s e d  form  of  
e q u a t io n  4 ( v i )  w hich can be u se d  f o r  u n e q u a l  s p a n s .  The programme 
i n s t r u c t i o n s  a re  as below
EI0B (spans  and Lg s u p p o r t s  A B and C)
1 . E n te r programme c a rd  i n  ru n  mode
INPUT KEYS OUTPUT
2 . E n te r Mo* (s im p le  beam moment L^) KNm Mo* E Mo*KNm
3. E n te r Mo^ (s im p le  beam moment L2 ) KNm Mo^ E Mo^KNm
4. E n te r h m h E Lp m
5 . E n te r h m ^ 2 A 3
6 . E n te r MA KNm MA E MA KNm
7. E n te r MB KNm MB E MB KNm
8 . E n te r MG KNm MC R/S EI0B
F i n a l l y  th e  p e r m i s s i b l e  h in g e  r o t a t i o n  0p on one 
s i d e  o f  th e  c r i t i c a l  s e c t i o n  i s  e s t im a te d  from e q u a t io n s  4 ( i i i )  
and 4 ( iv )  as below
0 p = 0 . 8  ( ecu  “ Gee) ^ 3
where ecu = 0 .0015  1 + 1 .5 p ”  + (0 .7  -  O . l p ' ' )
_1 _
nu
ro u n d in g  o f f  k^ t o  0 .6 5  th e  e q u a t io n  f o r  0p can be  s i m p l i f i e d
0p = 0 .52 (ecu  -  Gcg) j
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I n  t h i s  e q u a t io n  ece  i s  tak e n  as a c o n s ta n t  v a lu e  of
0 .0 0 2  ( se e  C hap te r  4) th u s
0 p = 0 .5 2  (e c u  -  0 .002 )  ^
The programme i n s t r u c t i o n s  a re  as below 
6 p (B aker and Amarakone)
INPUT KEYS
6 ( v i )
OUTPUT
1 .
2 .
E n t e r  programme 
E n te r  n  '
and i n  run  mode
n E n
3. E n te r P " P ' * A ecu
4. E n te r z ) z E z
5.
) same 
E n t e r  d )
d im ens ions
d R/S 0 p
(4) SERVICEABILITY
(a)  CRACKING
The c a se  s t u d i e s  and c a l c u l a t i o n s  c a r r i e d  o u t  by 
th e  a u th o r  e ls e w h e re  ( 4 l )  have  d e m o n s tra ted  t h a t  i n  an i n t e r n a l  
e n v iro n m en t ,  c ra c k  w id th s  sh o u ld  n o t  be e x c e s s iv e  p r o v id in g  a 
s e n s i b l e  d e t a i l i n g  a rran g em en t  i s  ad o p te d .  However, e q u a t io n  6  1 
i n  CP 110 can e a s i l y  be programmed i n t o  th e  HP-65 c a l c u l a t o r .  The 
e l a s t i c  b e n d in g  moment c o e f f i c i e n t s  a re  a v a i l a b l e  i n  numerous 
handbooks f o r  t h e  more common lo a d  c a se s  and th u s  f o r  a  g iv e n  s t e e l  
p e r c e n ta g e  (known from th e  u l t i m a t e  l i m i t  s t a t e )  t h e  v a lu e  o f  th e  
n e u t r a l  a x i s  d e p th  x  (x  = nd) can be  o b ta in e d  from  T ab le  6 .1  o r  th e  
s o l u t i o n  o f  t h e  e q u a t io n
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P = 50 n 6 ( v i i )ae  1  -  n
The v a lu e  o f  ae i s  e s t i m a t e d  i n  acco rd an ce  w i th  CP 110 ( s e e  
ca se  s t u d i e s ) . The programme i n s t r u c t i o n s  a re  l i s t e d  below :
CRACK WIDTH, CP 110 EQUATION 6 1 (NOTATION AS CP 110)
INPUT KEYS OUTPUT
1 . E n te r programme c a rd ( i n  ru n  mode)
2 . E n te r M KNm M E M KNm
3. E n te r z ( l e v e r  arm) mm z E z mm
4. E n te r As 2mm As A 2f s  N/mm
5. E n t e r d mm d E d ram
6 . E n te r X mm X E X mm
7. E n te r h mm h R/S e i
8 . E n te r b t mm b t E b t  ram
9. E n te r fy N/mm^ fy E 2f y  N/mm
1 0 . E n te r a* mm a* B era
1 1 . E n te r c min mm C min E C min (mm)
1 2 . E n te r &cr mm Acr C c ra c k  w id thw mm
Thus a r a p i d  e s t i m a t e  can be made o f  th e  c ra c k  w id th  
by use  o f  t h i s  s im p le  programme.
(b) DEFLECTION
I f  t h e  beam f a l l s  o u t s i d e  th e  scope o f  t h e  CP 110
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b a s i c  s p a n / e f f e c t i v e  d e p th  r a t i o s  and m u l t i p l i e r s ,  th e n  an 
e s t i m a t e  o f  t h e  c ra c k  w id th  can be made u s in g  th e  CP 110 handbook 
fo rm u la
a = 0 .1 0 4  (1 -  Y -6 ( v i i i )
where MA + MB MC
The d e r i v a t i o n  o f  t h i s  fo rm u la  i s  g iv en  i n  Appendix 1 t o  t h i s  
c h a p te r  and i t s  a p p l i c a t i o n  has  been  d e m o n s tra ted  i n  C h ap te r  5 
The programme i n s t r u c t i o n s  f o r  i t s  s o l u t i o n  a r e  as below  ;
DEFLECTION CALCULATION, CP 110 HANDBOOK (NOTATION AS CP 110)
1.
2 .
3.
4.
5 .
6 .
7.
8 . 
9.
10 .
11 .
12 .
E n te r  programme c a rd  ( i n  ru n  made) 
E n te r  moment MA KNm
E n t e r  moment MB KNm
E n te r  moment MC KNm
E n te r  b mm
E n te r  d mm
E n te r  x & s t a r t  su b -  mm
programme B
2E n te r  f t  N/mm
E n t e r  p
E n te r  h & c o n t in u e  s u b -  mm
programme B
2E n te r  Es KN/mm,
E n te r  L & c a l c u l a t e  m
d e f le c t io n  in  mm
INPUT
MA
MB
MC
b
d
X
f t
P
h
Es
L
KEYS
E
E
A
E
E
B
E
E
R/S
E
C
OUTPUT
MA KNm 
MB KNm 
K
b mm 
d mm 
b mm
f t  N/mm^
P
2f s  N/mm
2Es KN/mm
d e f l e c t i o n  
a  mm
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Note t h a t  K = 0 .1 0 4  (1 -  )
6 .0 3  SimJARY
The d e s ig n  p r o p o s a l s  o u t l i n e d  a r e  c o n s id e r e d  t o  be 
s u i t a b l e  f o r  a d e s ig n  o f f i c e  p ro c e d u re  s u b j e c t  to  th e  a v a i l a b i l i t y  
o f  a p o c k e t  program mable c a l c u l a t o r  o f  th e  HP-65 ty p e .  The 
c o n s e r v a t i v e  n a tu r e  o f  th e  h in g e  r o t a t i o n  c a l c u l a t i o n s  i s  
n e c e s s i t a t e d  by th e  absence  o f  e x p e r im e n ta l  d a t a  r e l a t i n g  to  th e  
norm al d e s ig n  s i t u a t i o n  o f  a p p ro x im a te ly  u n ifo rm  lo a d in g  on 
c o n t in u o u s  beams. A method o f  i n e l a s t i c  a n a l y s i s  f o r  p la n e  fram es  
h a s  been  d e ve loped  by C ra n s to n  (42) f o r  l a r g e  com puters  and a g a in  
he s t a t e s  t h a t  many o f  th e  t e s t s  f o r  m o m e n t- ro ta t io n  r e l a t i o n s  
so f a r  c a r r i e d  o u t  have  b een  on s im ply  su p p o r te d  beams.
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6 .0 4  APPENDIX 6 .1  — DERIVATION OF EQUATION 6 ( v i i i )
An e x p r e s s io n  f o r  t h e  d e f l e c t i o n  a t  m idspan o f  a 
c o n t in u o u s  beam w i th  end moments MA and MB and a m idspan  moment 
o f  MC may be d e r iv e d  from  th e  fundam en ta l  e q u a t io n
.LIa  = , ds  6 ( ix )o
where a = mi dps an d e f l e c t i o n
M = b e n d in g  moment d iag ram  f o r  th e  lo a d in g  sys tem  
(U .D .L .)  on th e  a c t u a l  s t r u c t u r e  
. mi = b e n d in g  moment d iag ram  f o r  u n i t  lo a d  a p p l i e d  a t  
m idspan  o f  th e  r e l e a s e d  s t r u c t u r e  (moment 
r e l e a s e s  a t  A and B ) .
The b e n d in g  moment d iag ra m  M can be  r e p l a c e d  by d iag ram s ( b ) , (c)  
and ( d ) , se e  F ig .  6 , 2 .  The b e n d in g  moment d iag ram  (a)  i s  f o r  u n i t  
lo a d  a p p l i e d  to  th e  r e l e a s e d  sy s tem . The p ro d u c t  i n t e g r a t i o n  
i s  as fo l lo w s
(a)  X (b) = • ^ . ■ ^ | ^ 0  + 4 . ' ^ . M o . - g ’ + '^ M o^ 2
5 2
where Mo = m idspan  moment f o r  lo a d in g  on a s im p ly  s u p p o r te d
beam o f  span  L.
The m idspan  moment MC can be  e x p re s s e d  as
MC = Mo -  ^  ^
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th u s Mo = MC  ^ Y + MB)
th u s  (a)  X (b)
and (a) x  (c)
j^MC ~  (MA + MB)J
= -  ?  - ?  [ 4 -
L 1 r  MB1  • 6 L ~ L . 3 4 %. MB I . 4J
3 2
4 8 ™  L
th u s  (a)  X (d)
■ Î Mm^ds o “ e T ^ = é [ (a)  X (b) + (a)  X (c) + (a)  x  (d)]
1EI MC+Y (MA+MB) MA LMB
j^ 5MC+|MA+|-MB-3MA-3MB]
J _ IT 48 EI [ ™  -  A
5  MC r48 EI
= 0 .1 0 4
L 1 -
(MA + MB)
MA + MB 1  ^2I L10 MC
mEI
where MA + MB MC
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Thus from th e  e q u a t io n  o f  b e n d in g
~  ~  where r  = r a d i u s  o f  c u r v a tu r er  EI
and a = 0 .1 0 4  (1 -  ~    6 ( v i i i )
E q u a t io n  6 ( v i i i )  r e p r e s e n t s  th e  m idspan d e f l e c t i o n  w hich 
i s  a c lo s e  a p p ro x im a t io n  to  th e  maximum d e f l e c t i o n .  The above 
p ro o f  i s  g iv en  i n  f u l l  as th e  a u th o r  has  n o t  been  a b le  to  t r a c e  
i t  e ls e w h e re .
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7 .0 0  CONCLUSIONS
The o b j e c t i v e  o f  t h i s  d i s s e r t a t i o n  has  been  to  a s s e s s  
th e  p o s s i b i l i t y  o f  i n t r o d u c in g  a f u r t h e r  o p t io n  i n  t h e  u l t i m a t e  
l i m i t  s t a t e  a n a l y s i s  o f  r e i n f o r c e d  c o n c re te  beams u n d e r  th e  
g e n e r a l  h e a d in g .  Member A n a ly s i s .  T h is  o p t io n  i s  t h e  u se  o f  
s im p le  p l a s t i c  th e o r y  as p io n e e r e d  by J . F .  Baker f o r  th e  a n a l y s i s  
o f  s t e e l  s t r u c t u r e s .  From e x p e r im e n ta l  work c a r r i e d  o u t  by th e  
a u th o r  and th e  a v a i l a b i l i t y  of e x p r e s s io n s  f o r  a s s e s s i n g  th e  
r o t a t i o n a l  c a p a c i ty  o f  h in g in g  s e c t i o n s  o f  r e i n f o r c e d  c o n c re te  
beams i t  i s  c o n s id e r e d  t h a t  a p l a s t i c  a n a ly s i s  i s  f e a s i b l e  as 
a d e s ig n  o f f i c e  p ro c e d u re  s u b j e c t  to  th e  a v a i l a b i l i t y  o f  p o c k e t  
programmable c a l c u l a t o r s  which can m in im ise  d e s ig n  t im e .
I t  i s  c o n c lu d ed  t h a t  f u r t h e r  e x p e r im e n ta l  work i s  
r e q u i r e d  b e f o r e  a d e s ig n  p r o c e d u re  can be w r i t t e n  i n t o  codes 
o f  p r a c t i c e  w hich  av o id s  th e  n e c e s s i t y  f o r  a h in g e  r o t a t i o n  
check . However, i t  i s  p r e d i c t e d  by th e  A uthor t h a t  i n  th e  n e a r  
f u t u r e ,  i t  w i l l  be  p o s s i b l e  to  f o rm u la te  s im p le  d e s ig n  r u l e s  f o r  
th e  i n e l a s t i c  a n a l y s i s  o f  r e i n f o r c e d  c o n c re te  beams (member and 
s e c t i o n  a n a l y s i s )  w i th o u t  th e  n e c e s s i t y  f o r  h in g e  r o t a t i o n ,  
c r a c k in g  and d e f l e c t i o n  c h e ck s .
A f u r t h e r  a s p e c t  o f  t h i s  work i s  t h a t  th e  u se  o f  a 
p o c k e t  programmable c a l c u l a t o r  e n a b le s  th e  d e s ig n e r  t o  a s s e s s  on 
a q u a n t i t a t i v e  b a s i s  th e  s t r e n g t h  and s e r v i c e a b i l i t y  o f  r e i n f o r c e d
159
c o n c re te  members w i th  l i t t l e  i n c r e a s e  i n  in c o n v e n ie n c e  and 
d e s ig n  tim e compared w i th  c o n v e n t io n a l  p ro c e d u re s  i n v o lv in g  
e l a s t i c  a n a l y s i s  and moment r e d i s t r i b u t i o n .
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8 .0 0  RECOMMENDATIONS FOR FURTHER WORK
I t  has  been  i n d i c a t e d  p r e v i o u s ly  t h a t  t h e  b u lk  o f  
e x p e r im e n ta l  work (34 -37 )  c a r r i e d  o u t  to  d e te rm in e  th e  r o t a t i o n  
c a p a c i ty  o f  h in g in g  r e g io n s  of  r e i n f o r c e d  c o n c r e te  s e c t i o n s  has  
u t i l i s e d  s im p ly  s u p p o r te d  beams o f  r e c t a n g u l a r  s e c t i o n  s u b je c t e d  
to  c o n c e n t r a t e d  l o a d s .  Some t e s t s  have been  c a r r i e d  o u t  on 
c o n t in u o u s  beams o f  T - s e c t i o n  (43) ( 4 4 ) ,  w hich have d e m o n s t ra te d  
t h a t  r e d i s t r i b u t i o n  o f  moment t a k e s  p l a c e  b u t  a g a in  c o n c e n t r a t e d  
lo a d s  were u s e d .  I t  i s  s u g g e s te d  by th e  A uthor t h a t  a t e s t  
p ro c e d u re  sh o u ld  be d e v is e d  to  s im u la t e  i n  a  more r e a l i s t i c  
manner a c t u a l  c o n d i t i o n s  o f  l o a d in g  which i n  th e  v a s t  m a j o r i t y  o f  
b u i l d i n g  s t r u c t u r e s  c o n s i s t  o f  a beam and s l a b  a r ra n g e m e n t .  Thus 
i t  i s  p ro p o se d  t h a t  f u r t h e r  e x p e r im e n ta l  work s h o u ld  be r e l a t e d  
to  a c o n t in u o u s  beam and s l a b  sy s tem  on r e i n f o r c e d  c o n c r e te  
column s u p p o r t s  i n  w hich  lo a d  i s  a p p l i e d  t o  th e  beams v i a  th e  
s l a b s .  A lthough  t h i s  ty p e  o f  t e s t  w i l l  occupy more f l o o r  space  
th a n  c o n c e n t r a t e d  lo a d s  on a c o n t in u o u s  r e c t a n g u l a r  s e c t i o n  
( e . g .  th e  A u th o r 's  t e s t s )  i t  i s  f e l t  t h a t  t h i s  i s  th e  on ly  m e a n in g fu l  
way o f  t a k i n g  th e  work f u r t h e r  w i th  a v iew to  f o r m u la t in g  s im p le  
d e s ig n  r u l e s .
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